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The extensive use of composites in aerospace structures has posed new challenges 
for implementing effective structural health monitoring (SHM) and nondestructive 
evaluation (NDE) techniques due to the general anisotropic behavior and complex damage 
scenarios in composites. This dissertation addresses the SHM and NDE of composites 
using ultrasonic guided waves, with an emphasis on theoretical modeling and experimental 
validation of guided-wave propagation and interaction with damage in composites.
A semi-analytical finite element (SAFE) approach is presented to calculate guided-
wave dispersion curves in composites. The theoretical framework is formulated using the 
finite element method (FEM) to describe the material variation along the thickness 
direction and assuming analytical solutions in the wave propagation direction. The 
dispersive curves are obtained in terms of phase and group velocities, the skew angle 
between them, and modeshape across the thickness. A user-friendly software ‘LAMSS 
COMPOSITES’ is developed to retrieve and display the dispersion curves from the guided 
wave database. To predict guided waves generated by a surface-mounted piezoelectric 
wafer active sensors (PWAS) transmitter in composites, the SAFE approach is employed 
to model one-dimensional (1D) and two-dimensional (2D) wave propagation using normal 
mode expansion (NME) and stationary phase method. Damping effects on guided wave 
propagation are also considered, including improved tuning model with damping, energy 
velocity calculation, and 2D guided wave propagation in damped composites. 
vi 
For wave-damage analysis in composites, a numerical and experimental 
investigation is conducted for the characterization of multilayer delaminations in a 3-mm 
quasi-isotropic [-45/90/45/0]3s composite plate in which two different delamination 
scenarios, one delamination and two delaminations, are considered. The wavefield data are 
analyzed using wavenumber analysis to study the wave trapping phenomenon and to 
characterize the wave behaviors at the delamination regions. Moreover, a novel angle beam 
NDE methodology for guided-wave detection and sizing of wrinkle, delaminations, and 
actual impact damage is developed. A hybrid global local (HGL) approach is developed to 
model guided wave interaction with damage in composites, in which a local FEM 
discretization only in the damage regions is deployed to capture wave-damage interaction 
coefficients (WDIC) while guided wave propagation in the global domain is solved using 
the very efficient SAFE approach. The WDIC is extracted from the harmonic analysis of 
local small-size FEM with non-reflective boundaries (NRB). A predictive tool WFR-2D-
Composites is developed as a general description of wave generation, propagation, 
interaction with damage. The HGL simulations of guided propagation and interaction with 
damage were carried out and compared with experiments using scanning laser Doppler 
vibrometer (SLDV).  
The dissertation finishes with summary, conclusions, major contributions, and 
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CHAPTER 1  
INTRODUCTION 
Structural health monitoring (SHM) is an emerging interdisciplinary research area, 
which has shown great potential in aerospace, civil, mechanical, and naval structures. With 
the advancement of SHM technology, the industry can reduce the maintenance cost, 
shorten the downtime, and improve the safety and reliability of engineering structures. It 
also has shown great potential in both the health management of aging structures and the 
development of novel self-sensing smart and intelligent structures. This chapter serves as 
the introduction to the entire dissertation by addressing the motivation and importance of 
conducting the research, discussing the research goal, scope, and objectives, and 
introducing the organization of the dissertation. 
1.1 MOTIVATION 
The extensive use of composite materials in aerospace structures has posed new 
challenges for implementing effective structural health monitoring (SHM) and 
nondestructive evaluation (NDE) techniques due to the general anisotropic behavior, 
complicated guided wave features, and complex damage scenarios in composites. These 
challenges arise in the following aspects: 
1. Guided wave propagation in laminated composites is much more complicated 
than in metallic structures, which shows the multi-modal, dispersive, and 
directional dependent nature in composites. Guide waves propagate with 
various velocities in different directions. This brings considerable challenges 
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for SHM and NDE techniques using the time-of-flight (TOF) information. 
Knowledge of the dispersion curves in terms of phase velocity, group velocity, 
the skew angle between them, and modeshape across the thickness in 
composites is essential for guided wave-based SHM and NDE applications. 
Moreover, the directionality in two-dimensional (2D) guided wave propagation 
has to be considered. 
2. Guided-wave attenuation due to the material damping is strong and anisotropic, 
thus cannot be ignored in the composite guided-wave analysis. Compared to 
metals, composite materials show strong and anisotropic damping effects from 
the fiber and matrix constituents, which attenuate the amplitude response of 
guided waves and shrinks their effective interrogation range. Hence, material 
damping will influence SHM and NDE techniques based on the amplitude or 
attenuation information. 
3. Damage in composites is more critical than that in metallic materials. Complex 
wave damage interaction scenarios may happen in composites. Various damage 
modes exist (e.g., delamination, fiber waviness, and matrix cracking) and their 
detection and characterization are rather difficult. These wave damage 
interaction phenomena need to be well understood to effectively extract the 
damage information from the response signals and perform damage detection 
and quantification.  
To address these challenges, the development of highly efficient computational 
models for ultrasonic guided wave propagation and interaction with damage in composites 
is of great importance for both SHM system design and signal interpretation purposes. The 
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effective design of SHM systems requires the exploration of a wide range of parameters 
(transducer size, sensor-damage relative locations, interrogating wave characteristics, etc.) 
to achieve the best detection and quantification of certain types of damage. On the other 
hand, active sensing signals using guided waves are usually difficult to interpret due to the 
multi-modal, dispersive, and directional dependent nature of guided waves in composites. 
Their interaction with damage involves even more complex scattering and mode 
conversion phenomena. Practical applications have imposed four main requirements on 
computational models:  
1. Accuracy for high frequency, short wavelength, and long propagation distance 
waves; and efficiency in terms of computational time and computer resources; 
2. Versatility with a wide range of parameter exploration capabilities to choose 
optimal interrogating parameters in SHM system design for the best detection 
and quantification of damage;  
3. Capability to reveal the complicated information of wave damage interaction 
for effective signal interpretation. 
4. Capability to guide the damage detection for SHM and NDE of composite 
structures. 
However, these requirements have not been satisfied with conventional analytical 
methods or commercially available finite element software. Thus, it is crucial to develop 
accurate, efficient, and versatile computational models for the simulation of guided wave 




1.2 RESEARCH GOAL, SCOPE, AND OBJECTIVES 
The research goal of this dissertation is to develop accurate, efficient, and versatile 
computational models for guided wave propagation and interaction with damage in 
composites. The scope of this research covers the theoretical modeling, small-size finite 
element simulation, and experimental validations for the development of computational 
models. The objectives of the work presented in this dissertation are as follows: 
1. To apply the semi-analytical finite element (SAFE) approach to calculate 
guided-wave dispersion curves in composites in terms of phase velocity, group 
velocity, the skew angle between them, and modeshape across the thickness.  
2. To develop ‘LAMSS COMPOSITES’ software with an interactive graphical 
user interface (GUI) to guide and assist the effective and efficient design of 
guided-wave based SHM and NDE systems. 
3. To develop an accurate, efficient, and versatile approach for the modeling of 
one-dimensional (1D) guided wave excitation and propagation in composites. 
4. To extend the concept developed in the 1D case to the 2D guided wave 
excitation and propagation in composites.  
5. To improve tuning model by including material damping for metallic and 
composite structures. 
6. To include damping effect on 2D guided wave propagation in damped 
composites using Kelvin-Voigt model with the complex stiffness matrix. 
7. To investigate and characterize guided wave interaction with multilayer 
delaminations using wavenumber analysis. 
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8. To develop a novel angle beam NDE methodology for guided wave detection 
and sizing of delaminations and impact damage in composites. 
9. To extend the concept of wave damage interaction coefficients (WDIC) 
developed in the isotropic case to the composite case to extract WDIC for the 
top priority damage scenarios in composites. 
10. To use an efficient and versatile hybrid global SAFE and local FEM framework 
to simulate guided wave interaction with typical damages in composites. 
11. To develop a user-friendly software to simulate 2D guided wave propagation 
and interaction with damage in composites. 
1.3 ORGANIZATION OF THE DISSERTATION 
To achieve the objectives, the dissertation is organized into ten chapters. The focus 
and contents of each chapter are introduced in Chapter 1. 
In Chapter 2, guided wave based SHM applications are discussed, the modeling 
techniques of guided wave excitation, propagation, and interaction with damage in 
composites are briefly reviewed, piezoelectric wafer active sensors (PWAS) and the tuning 
effect, and angle beam transducers are introduced. 
In Chapter 3, the dispersion-curve calculation in composites using the semi-
analytical finite element (SAFE) approach is proposed. The derivation of the SAFE 
formulation is discussed. Numerical verifications and experimental validations are 
performed. The user software with interactive GUI ‘LAMSS COMPOSITES’ is developed. 
In Chapter 4, the modeling of 1D guided wave excitation and propagation in 
composites is developed. Then, the computational framework developed in the 1D case is 
extended to 2D guided wave propagation in composites. Numerical predictions are 
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compared with experimental measurements utilizing scanning laser Doppler vibrometer 
(SLDV). 
In Chapter 5, damping effects on PWAS tuning are described, and the improved 
tuning model with damping for metals and composites is developed. Both numerical 
verifications and experimental validations are conducted. 
In Chapter 6, 2D guided wave propagation in damped composites are described, 
including damping coefficients measurement and loss coefficient adjustment. 
In Chapter 7, wavenumber analysis is used to detect and characterize the multilayer 
delaminations in a thick quasi-isotropic composite plate. 
In Chapter 8, an efficient and versatile hybrid global SAFE and local FEM approach 
to predict 2D guided wave interaction with typical damages in composites is proposed. 
Local small-size FEM analysis in frequency-domain to extract WDIC is performed. The 
predictive tool WFR-2D-Composites is developed. 
In Chapter 9, a novel angle beam NDE methodology is proposed for guided-wave 
detection and sizing of impact damage and delaminations in composites.  
The dissertation finishes in Chapter 10 with summary, conclusions, major 




CHAPTER 2  
MODELING OF GUIDED WAVES AND PIEZOELECTRIC WAFER ACTIVE SENSORS 
FOR STRUCTURAL HEALTH MONITORING 
This chapter introduces basic concepts of structural health monitoring (SHM) and 
nondestructive evaluation (NDE) using guided waves, guided wave modeling techniques, 
piezoelectric wafer active sensors (PWAS) for generating and receiving guided waves, and 
angle beam transducers for pure-mode guided wave excitation. It will also serve as the 
theoretical prerequisite for guided wave modeling in composites. First, SHM concepts and 
guided wave based techniques are introduced. Then, guided wave modeling techniques 
such as calculation of dispersion curves, modeling of guided wave propagation and 
interaction with damage are discussed. Next, the PWAS transducers are introduced, 
including the working principle, operation modes, and the tuning effect. Finally, the angle 
beam NDE methodology for guided-wave excitation and damage detection is discussed. 
2.1 INTRODUCTION 
Composites have been found increased applications in the aircraft and aerospace 
industries due to their superior mechanical properties, resistance to corrosion, design 
flexibility, and lightweight. The aerospace usage of high-performance composites has 
experienced a continuously growing over several decades (Figure 2.1). Figure 2.2 shows 
the composite usage of Boeing 787 aircraft and Airbus 350 aircraft. It shows that about 50% 
of the weights are made of composites. However, since composite materials are generally 
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anisotropic, and damage developed in composite structures are usually invisible from 
material surfaces; the use of composites prompts challenges to the structural health 
monitoring (SHM) and nondestructive evaluation (NDE) community. Several SHM and 
NDE techniques under investigation are vibration-based methods, fiber optic based 
methods, electromechanical impedance based methods, and ultrasonic guided wave based 
methods (Gao 2007). 
 
Figure 2.1: Increase of the weight content of composites in military and commercial aircraft 
(Giurgiutiu 2016). 
Among these methods, ultrasonic guided waves have been widely used for damage 
detection in composites, because they can travel long distances without much energy loss, 
with the wave energy confined and guided within the structures (Shen 2014). Besides, 
guides waves can travel inside curved walls, and across component joints. These aspects 
make them suitable for the inspection of large areas of complicated structures. Ultrasonic 
guided waves are sensitive to changes in the propagating medium, such as plastic zone, 
fatigue zone, cracks, and delamination. This sensitivity exists for both surface damage and 
% composites w/w 
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cross thickness/interior damage because guided waves have various mode shapes 
throughout the cross section of the waveguides.  
 
Figure 2.2: Composite content of aircraft: (a) Boeing 787 has ~ 50% by weight composites; 
(b) Airbus A350 XWB has ~ 52% by weight composites (Giurgiutiu 2016). 
The modeling of guided wave propagation in composite structures is essential for 
the design of SHM systems with optimal combination between the transducers type, size, 
number, and guided wave characteristics (mode type, frequency, and wavelength) to 
achieve the best detection and quantification of a certain damage type. However, the 
modeling of guided waves in composites is challenging, because guided waves propagate 
in composite structures with multi-modal, dispersive, and direction-dependent 
characteristics. At a certain value of the frequency-thickness product, several wave modes 
may exist simultaneously, and their wave velocities vary with frequency and propagation 
direction due to the anisotropic properties of composites. In addition, guided-wave 
attenuation due to the material damping cannot be ignored in composites. An understanding 
of guided wave excitation, propagation, and interaction with damage in composites is 





2.2 STRUCTURAL HEALTH MONITORING USING GUIDED WAVES 
Structural health monitoring (SHM) is an emerging multi-disciplinary field with 
wide applications. This technology evolves from the conventional nondestructive 
evaluation (NDE) and conditional based maintenance (CBM), where the damage detection 
and evaluation are done in a schedule based or conditional based manner. In contrast with 
NDE and CBM, SHM aims at developing real-time or on-demand damage detection and 
characterization systems for the evaluation of structural health status. Within the scope of 
SHM, guided wave techniques are favorable for their capability of interrogating large areas 
of structures from a single location. In this section, fundamental SHM concepts are 
introduced and prevalent guided wave techniques are covered. 
2.2.1 STRUCTURAL HEALTH MONITORING CONCEPTS 
General sensing technology can be cast into two methodological categories: (1) 
passive sensing and (2) active sensing. Passive sensing systems only passively record 
events, which happened during the period of interest. By analyzing the recorded signal, 
diagnosis can be made on the health status of the structure. Examples of passive sensing 
SHM can be found in the acoustic emission (AE) monitoring and impact detection, where 
passive sensors are triggered by crack advancing or impact events. By analyzing the AE or 
impact signal, the location of the AE or impact source can be identified (Bhuiyan et al. 
2018). In contrast to passive sensing, active sensing methods interrogate the structures with 
defined excitations and record the corresponding response. By analyzing the response, a 
diagnosis can be made. Active sensing procedure has three main advantages for SHM 
applications: (1) it allows the real-time and on-demand inspection of the structures; (2) the 
excitation can be optimized for the most sensitive and effective response for damage 
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detection; (3) the active sensing procedure is repeatable, which allows the comparison 
between two independent interrogations (a baseline data and a current status data). 
Figure 2.3 shows a schematic representation of a generic SHM system. The active 
sensors clusters are implemented on the critical areas of high monitoring interest (hot spots), 
such as airplane wings, engine turbines, fuselage, and fuel tank. Permanently bonded on 
the host structures, the sensors can actively interrogate large areas from local cluster zones 
in a real-time or on-demand manner, gathering sensing data to the data concentrators. These 
data concentrators will transmit the data to the SHM processing unit, where the data will 
be processed and the diagnosis will be made. 
 
Figure 2.3: Schematic representation of a generic SHM system, consisting of active 
sensors, data concentrators, wireless communication, and SHM central unit (Giurgiutiu et 
al. 2002). 
SHM is a pattern recognition process. SHM techniques aim at finding deviations of 
sensing signals or data patterns from the baseline, which are due to the presence of damage. 
Farrar and Worden (2012) described SHM from a machine learning perspective and 
showed how statistical pattern recognition can be achieved for damage detection. The 
pattern recognition usually requires the comparison of two states of the structures, i.e., the 
initial or healthy state serving as the baseline and the current state under inspection. This 
aspect was illustrated by Worden et al. (2007) in the fundamental axioms of SHM. Recent 
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developments of SHM technology have pushed the barriers of the axioms. Investigators 
have proposed baseline-free or reference-free techniques, where no baseline data are 
required for making a diagnosis on the presence and severity of damage, such as the time 
reversal method, the nonlinear techniques, and probabilistic and statistical model based 
methods (Wang et al. 2004; Sohn et al. 2013; Qiu et al. 2014, 2016, 2019). 
2.2.2 GUIDED WAVE TECHNIQUES 
The guided wave techniques can be generally categorized into linear techniques 
and nonlinear techniques. Many of the interrogating principles stem from conventional 
NDE. The linear techniques include pitch-catch, pulse-echo, wavefield analysis, 
electromechanical impedance spectroscopy (EMIS), phased array, and sparse array time-
reversal imaging method. The prevalent nonlinear techniques are the higher harmonic 
generation, subharmonic generation, and nonlinear modulation (Shen 2014). 
 
Figure 2.4: Pitch-catch active sensing: (a) baseline response; (b) response with damage; (c) 
scattered response. (Ihn and Chang 2008). 
(a) (b) (c) 
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Figure 2.4 shows the pitch-catch active sensing method in the guided wave based 
SHM, where one transducer acts as the transmitter and sends out the guided waves, and 
another transducer acts as the receiver and picks up the sensing signal.  
In the pristine case, the interrogating waves are generated by the transmitter, 
propagate along the structure, and are picked up by the receiver. In the damaged case, the 
interrogating waves generated by the transmitter, propagate along the structure, interact 
with the damage, carry the damage information with them, and are finally picked up by the 
receiver. The subtraction between these two responses reveals the damage scattering 
response, which may indicate the presence and severity of the damage. 
 
Figure 2.5: (a) Phased array imaging using EUSR (Giurgiutiu and Bao 2004); (b) sparse 
array imaging using time-reversal method (Wang et al. 2004). 
Several sensors may work together in a systematically designed manner forming a 




imaging techniques have been developed using the phased array and sparse array. 
Giurgiutiu and Bao (2004) investigated the embedded-ultrasonic structural radar (EUSR) 
for in situ monitoring of thin-wall structures. Figure 2.5 (a) shows the 1D phased array 
EUSR and its imaging result of a crack. Yu and Giurgiutiu (2007) further extended the 
EUSR principle to a 2D phased array using 64 sensors. Wang et al. (2004) proposed the 
synthetic time-reversal imaging method for structural health monitoring. Figure 2.5 (b) 
shows the sparse array with four sensors and its imaging result using a time-reversal 
method. 
Moreover, various methods have been used for wavefield analysis, such as 
wavefield amplitude profile, multidimensional Fourier transform, frequency-wavenumber 
filtering, standing wave filtering, and local wavenumber analysis. The guided wave 
propagation and interaction with damage in terms of frequency-wavenumber components, 
wave mode information, mode conversions, and damage locations can be unveiled through 
wavefield analysis (Tian 2015).  
 
Figure 2.6: Wavefield analysis: amplitude profiles of the guided wave response for 




Figure 2.7: Standing wave filtering for delamination detection: (a) wavefield before 
filtering; (b) wavefield after standing wave filtering, the delamination location was 
detected (Sohn et al. 2011). 
Staszewski et al. (2009) used the amplitude profiles of the wavefield to detect the 
delamination damage in composites. As illustrated in Figure 2.6, the amplitude profile 
directly shows both the location and size of the delamination. Alleyne and Cawley (1991) 
used 2D fast Fourier transform (FFT) to transform the time-space wavefield into the 
frequency-wavenumber domain where they obtained the detailed dispersion information 
of multi-modal guided waves. Michaels et al. (2011) presented source removal and wave-
mode separation techniques using frequency-wavenumber filtering and demonstrated the 
applications on delamination and crack detection. Sohn et al. (2011) proposed a standing 
wave filter that can isolate the standing wave components of the wavefield for delamination 
detection in composites. As shown in Figure 2.7, the standing waves at the delamination 
were isolated after filtering, and the location of the delamination was determined 
accordingly. Rogge and Leckey (2013) presented a local wavenumber domain analysis to 
process the wavefield and they demonstrated that it could be used to quantify the 
delamination depth and size. Flynn et al. (2013) presented a structural imaging method by 
using frequency-wavenumber filtering and local wavenumber estimation, and they showed 




structure. Tian and Yu (2014) used a frequency-wavenumber analysis to successfully 
separated A0 and S0 modes from the wavefield. 
In addition to traveling wave techniques, the electromechanical impedance 
spectroscopy (EMIS) is a standing guided wave SHM method. The continuous harmonic 
excitation of a transducer will excite the structure with guided waves, which will be 
reflected by structural boundaries and damage, forming standing waves between the wave 
source and the reflectors. This standing wave formation will result in a local mechanical 
resonance, which will be shown in the electrical response through the electromechanical 
coupling. Figure 2.8 (a) shows the electro-mechanical coupling between the transducer and 
the structure. Figure 2.8 (b) is a typical EMIS spectrum, showing that the damaged case 
spectrum deviates from the pristine case. 
 
Figure 2.8: Standing guided wave SHM method: (a) electro-mechanical coupling between 
the PZT active sensor and the structure (Giurgiutiu et al. 1999); (b) EMIS spectrum (Zagrai 





2.3 GUIDED WAVE MODELING TECHNIQUES FOR COMPOSITES 
The extensive use of composites in aerospace structures has posed new challenges 
for implementing effective structural health monitoring (SHM) techniques due to the 
general anisotropic behavior and complicated guided-wave features in composites (Su et 
al. 2006; Mitra and Gopalakrishnan 2016; Giurgiutiu 2016). To develop a robust and 
reliable SHM system, the physical mechanisms of guided wave propagation in composites 
have to be understood in detail. The necessary knowledge can be obtained by employing 
guided wave modeling to support experiments. Effects of particular interest such as the 
influence of ambient environments, material damping, and pre-stress can be investigated 
with the help of computational models if physical experiments are too costly or bulky 
(Willberg et al. 2015). Modeling techniques can provide detailed guided-wave features 
such as dispersion curves and modeshapes across the thickness. Moreover, they can be 
used to simulate guide wave propagation and interaction with damage in various structures. 
The predictions can be used to design, prepare, and conduct experiments and they can be 
employed to compare with experimental results and to qualify the SHM system.  
In composites, guided waves propagate at various velocities in different directions 
(Wang and Yuan 2007). Many computational methods for the modeling of guided wave 
propagation in composites have been developed (Willberg et al. 2015). However, the 
modeling of guided wave propagation in composites, by itself, is a very challenging task. 
The difficulties include the multi-modal, dispersive, and direction-dependent features of 




2.3.1 CALCULATION OF DISPERSION CURVES 
Dispersion curves are important features of guided waves propagating in 
composites. They can be used to determine the wave propagation speed, identify the wave 
mode, and develop signal analysis algorithms for damage detection. To obtain the 
dispersion curves in composites, various methods have been developed. 
The matrix method is one of the most common approaches for calculating guided-
wave dispersion curves in composites. Researchers have reported several efficient 
techniques, such as transfer matrix method (TMM) (Thomson 1950; Haskell 1951; Lowe 
1995), stiffness matrix method (SMM) (Wang and Rokhlin 2001), stiffness transfer matrix 
method (STMM) (Kamal and Giurgiutiu 2014a), global matrix method (GMM) (Knopoff 
1964), and reverberation-ray matrix method (RRM) (Pao et al. 1999; Ma et al. 2016). TMM 
was proposed by Thomson (1950) to model the guided waves propagating in laminated 
composites. TMM is computationally efficient due to the condensed equation system 
(Thomson 1950; Haskell 1951), but numerical instability has been reported at large 
frequency-thickness (fd) products (Lowe 1995). Many studies have been conducted to 
avoid instability. The method is based on SMM (Wang and Rokhlin 2001). At large fd 
values, the SMM turned out to be stable, but for small fd values, it suffers root finding 
problems. Kamal and Giurgiutiu (2014a) proposed a stable STMM, aiming at combining 
the virtues of TMM and SMM. Steady stability was found for all the fd values. However, 
the transition between TMM region and SMM region needs to be determined for each 
calculation. GMM was first developed by Knopoff (1964). It combines stress and 
displacement components at the boundaries of each layer with boundary conditions. All 
these quantities are assembled in one single matrix. Compared with TMM technique, 
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GMM has the advantage that it remains stable throughout the fd range. The disadvantage 
of GMM is that the global matrix assembled to be a large matrix when laminates have a 
large number of layers, resulting in heavy computation burden and long computation time.  
Reverberation-ray matrix (RRM) method was firstly proposed by Pao et al. (1999) 
to solve the problem of axial wave propagating in truss structures. Ma et al. (2016) 
improved RRM by combining it with a  new mode tracing method to calculate dispersion 
curves in composites, in which a slope control algorithm is employed to avoid the switch 
of tracer from one mode to another around the cross point of dispersion curves. Figure 2.9 
shows the phase velocity of the laminate [45/-45]6s in the 30º propagation direction using 
RRM method. Karmazin et al. (2011) proposed a new matrix method based on Green’s 
matrix to investigate the dispersion curves of laminated composites. 
 
(a)       (b) 
Figure 2.9: Reverberation-ray matrix method: (a) global coordinate for the calculation; (b) 
phase velocity of the laminate [45/-45]6s in the 30º propagation direction (Ma et al. 2016). 
Different from the matrix methods, the semi-analytical finite element (SAFE) 
approach is a suitable candidate for calculating guided-wave dispersion curves in 
composites with material variation in the thickness direction. With this method, the 
material variation across the thickness direction is described using the finite element 
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method (FEM), while analytical complex-valued exponential functions are used along the 
wave propagation direction. This method exploits the benefits of numerical and analytical 
approaches. The finite element discretization makes SAFE capable of modeling 
waveguides with arbitrary cross section and material properties. A SAFE approach for 
waveguides of arbitrary cross-section was demonstrated for the first time in 1973 (Aalami 
1973). Since then, the SAFE approach was mainly used to obtain dispersion curves of 
isotropic and composite plates. Figure 2.10 shows typical discretization of the arbitrary 
cross sections (Hayashi et al. 2003).  
 
Figure 2.10: Discretization of the cross sections in SAFE: (a) square rod; (b) circular pipe; 
(c) rail track (Hayashi et al. 2003). 
 






Figure 2.11: (a) Attenuation dispersion curve for a viscoelastic rail (Bartoli et al. 2006); (b) 
thermal group velocity for the longitude mode (Bouchoucha et al. 2016); (c) changes in 
phase and group velocities in a direction perpendicular to an applied uniaxial tensile stress 
(Peddeti and Santhanam 2018). 
Recently, SAFE approach has been extended to calculate the dispersion curves in 
damped materials (Bartoli et al. 2006; Mei and Giurgiutiu 2019a), thermal media 
(Bouchoucha et al. 2016), and prestressed plates (Loveday 2009; Gandhi et al. 2012; 
Peddeti and Santhanam 2018). The general SAFE approach is extended to account for 
material damping using complex stiffness matrices for the material. The comprehensive 
investigations are presented by Bartoli et al. (2006). Figure 2.11 (a) shows the attenuation 
(b) 




dispersion curves of a viscoelastic rail (Bartoli et al. 2006). SAFE approach coupled with 
the thermal effect is employed to calculate the dispersion curve of the waveguide under 
temperature variations (Bouchoucha et al. 2016). The thermal group velocity for the 
longitude mode is depicted in Figure 2.11 (b). Figure 2.11 (c) shows the changes in phase 
and group velocities due to an applied uniaxial tensile stress using the SAFE approach 
(Peddeti and Santhanam 2018). As in conventional FEM applications, convergence study 
has to be considered to guarantee the simulation accuracy (Chitnis et al. 2003). The main 
advantage of SAFE approach is high computational efficiency. Besides, the SAFE 
approach does not require a root searching procedure like most of the matrix methods. 
Instead, the formulation reaches a stable eigenvalue problem, which is efficient and stable 
in terms of numerical computation. 
2.3.2 SIMULATIONS OF GUIDED WAVE PROPAGATION  
Many computational methods for guided wave propagation in composite plates 
have been developed (Willberg et al. 2015). However, the modeling of guided wave 
propagation in composites is a very challenging task. The difficulties come from the multi-
mode and direction-dependent features of guided wave propagation in composites.  
 
Figure 2.12: FEM simulation of guided waves in a honeycomb sandwich: (a) FEM model 




The finite element model (FEM) is a common numerical method to simulate guided 
wave propagation in composites (Yang et al. 2017). Song et al. (2009) studied the guided 
wave propagation in honeycomb sandwiches using ANSYS, as shown in Figure 2.12. 
However, a conventional FEM containing the detailed information of each lamina may 
become computationally intensive and it is difficult to accommodate the accuracy 
requirements for high frequency and short wavelength guided waves over long propagation 
distances (Shen and Cesnik 2016).  
 
Figure 2.13: Unidirectional laminate: (a) experimental out-of-plane velocity (SLDV 
wavefield data); (b) 3D EFIT simulation result (Leckey et al. 2014). 
Several highly efficient techniques have been developed for modeling guided wave 
propagation in composite plates, such as global matrix method (GMM) (Obenchain and 
Cesnik 2013; Pol and Banerjee 2013), local interaction simulation approach (LISA) 
(Nadella and Cesnik 2013; Obenchain and Cesnik 2014; Shen and Cesnik 2016), 
elastodynamic finite integration technique (EFIT) (Leckey et al. 2014), spectral finite 
element method (SFEM) (Ostachowicz 2011; Rekatsinas and Saravanos 2017), and semi-
analytical finite element (SAFE) method (Velichko and Wilcox 2007). Obenchain and 




for guided wave propagation in laminated plates. Banerjee and Pol (2013) developed a 
semi-analytical GMM model to study the general characteristics of guided wave 
propagation in sandwich composite laminates. Nadella and Cesnik (2013) used LISA to 
investigate the guided wave propagation in composite plates; the effects of hole-damage 
on guided wave propagation using LISA were also investigated (Obenchain and Cesnik 
2014). Shen and Cesnik (2016) proposed a hybrid model using local FEM/global LISA to 
simulate the guided wave propagation and interaction with damage in composite structures. 
Leckey et al. (2014) performed three-dimensional (3D) simulations in aerospace 
composites using EFIT and validated using scanning laser Doppler vibrometer (SLDV) 
measurements, as shown in Figure 2.13. Ostachowicz et al. (2011) presented a time domain 
SFEM for studying guided waves in composite structures, achieving considerable higher 
computational efficiency over the conventional FEM. Rekatsinas and Saravanos (2017) 
used a layerwise time domain SFEM to simulate guided wave propagation in composite 
plates. However, a heavy computational burden remains if the details of each lamina are 
included in a SFEM model. Velichko and Wilcox (2007) proposed an asymptotic solution 
based on the SAFE approach to investigate the wave propagation in orthotropic laminates 
by expressing the 3D Green’s function in terms of mode expansion of a forced two-
dimensional (2D) system. Glushkov et al. (2010) proposed a Green’s matrix based method 
to investigate the guided wave excitation and diffraction by surface obstacles in composite 
plates. 
In the case of fiber reinforced polymer (FRP) composites, one of the main 
complexities encountered in modeling the guided wave propagation is the anisotropic 
damping effect. The guided-wave damping attenuation is essentially due to viscoelastic 
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properties of the fiber and matrix constituents (Treviso et al. 2015). This attenuation is a 
critical parameter in wave mode selection for long-range SHM of laminated composites. 
However, attenuation due to material damping is often neglected in guided wave 
propagation analysis because of modeling complexities. To investigate the guided-wave 
attenuation, numerous studies on the measurement of damping attenuation in structural 
materials have been conducted (Sreekumar et al. 2015; Asamene et al. 2015). These studies 
indicate that attenuation due to material damping has a significant effect on the amplitude 
response of guided waves propagating in composite plates. If the material damping effect 
is incorporated in the predictive model, then SHM techniques based on amplitude change 
can be understood better and implemented more effectively.  
 
Figure 2.14: Wave pattern in the [0]12 composite plate at 75 kHz: (a) LISA simulation with 
extended damping effect; (b) experimental measurement; (c) LISA simulation without 
damping effect (Shen and Cesnik 2016). 
Several researchers have studied damping models to describe the anisotropic 
damping effect of composites, including hysteretic damping model (Mora et al. 2016), 
Rayleigh damping model (Ramadas et al. 2011; Gresil and Giurgiutiu 2015), and Kelvin-
Voigt damping model (Shen and Cesnik 2016; Mei and Giurgiutiu 2018a, 2019a). Gresil 
and Giurgiutiu (2015) developed a predictive model for studying the attenuated guided 
wave propagation in a woven carbon fiber reinforced polymer (CFRP) composite plate 
(a) (b) (c) 
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using Rayleigh damping. Shen and Cesnik (2016) extended LISA to model the anisotropic 
damping effects on guided wave propagation in composite plates by adopting the Kelvin-
Voigt damping model. Figure 2.14 presents the comparison of the new LISA with damping 
and the conventional LISA without damping against the experimental measurement. It 
shows that the extended LISA formulation with damping effect agrees much better with 
the experiment, where obvious wave attenuation was noticed in the 90° direction. 
2.3.3 MODELING OF GUIDED WAVE INTERACTION WITH DAMAGE 
The development of computational models for guided wave propagation and its 
interaction with damage is important to the SHM system design and sensing signal 
interpretation. Damages in composites are more critical than those in metallic materials. 
Complex wave-damage interaction scenarios may happen in composites. Various damage 
modes exist (e.g., delamination, fiber waviness, and matrix cracking) and their detection 
and characterization are rather difficult. These wave-damage interaction phenomena need 
to be well understood to extract the damage effect from the response signals.  
Regarding the aspect of wave-damage interaction, many researchers have 
developed analytical models using Kirchhoff, Mindlin, Kane-Mindlin plate theory, and 3-
D elasticity solution or exact Lamb mode solutions (Norris and Vemula 1995; Vemula and 
Norris 1997; Wang and Chang 2005; Moreau 2012; McKeon and Hinders 1999; Grahn 
2003). The advantage of analytical models is that they are fast, efficient, and capable of 
providing parametric studies, but the drawback is that they only apply to simple damage 
geometries such as through circular holes, partial-through circular holes, or flat-bottom 
cavities in isotropic materials. Figure 2.15 shows the analytical prediction of the scattering 




Figure 2.15: Scattering pattern from a partial through hole (Grahn 2003). 
To model the wave-damage interaction in complicated structures, some researchers 
have adopted numerical methods, such as finite element method (FEM) (Alleyne and 
Cawley 1992; Moreau et al. 2012), boundary element method (BEM) (Cho 2000), spectral 
element method (SEM) (Ostachowicz et al. 2012), local interaction simulation approach 
(LISA) (Lee and Staszewski 2007; Nadella and Cesnik 2013), and elastodynamic finite 
integration technique (EFIT) (Leckey et al. 2014). Leckey et al. (2014) used EFIT to model 
guided wave interaction with delamination in a composite plate. With the EFIT simulation, 
they can directly visualize how the guided waves interact with delamination for better 
understandings of the wave interaction mechanisms with defects (Figure 2.16). However, 
these methods usually require the discretization of the analyzed domain and the time 
marching procedure. For high frequency, short wavelength, and long propagation wave 
simulations, considerably minor marching step and dense discretization are required to 





Figure 2.16: Guided wave propagation and interaction with delamination (Leckey et al. 
2014: (a) EFIT out-of-plane wavefield; (b) experimental SLDV measurement. 
Hybrid modeling techniques have been proposed to develop efficient simulation 
schemes. Promising results have been achieved for bulk wave scattering from an 
axisymmetric inclusion and Lamb wave interaction with cracks in rivet holes (Goetschel 
et al. 1982; Chang and Mal 1999). However, these studies considered bulk wave or single 
wave mode interaction with damage and used conventional wedge transmitters and bulky 
accelerometers as receivers. Terrien et al. (2007) investigated the optimization of hidden 
corrosion detection in aircraft structures using guided waves. In their study, they adopted 
a 1D wave propagation hybrid model to predictive the structural response, combining a 
local 2D FEM with global 1D wave mode decomposition. Moreau and Castaings (2008) 
used orthogonally relation to reduce the size of FEM to obtain 3D guided wave scattering 
features. Gresil and Giurgiutiu (2013) investigated the hybrid global/local (HGL) concept 
in the time domain and achieved promising results. However, this model requires interface 
matching between analytical and local FEM, and time-domain HGL has to be re-run for 
each test frequency. Obenchain et al. (2014) used a hybrid global matrix/local interaction 
simulation approach for modeling wave propagation in composites. The formulation uses 




(2016) developed a combined analytical/FEM approach (CAFA) for the accurate, efficient, 
and versatile simulation of 2D guided wave propagation and interaction with damage in 
isotropic plates. CAFA used a global analytical solution to model wave generation, 
propagation, scattering, mode conversion, and detection, while the wave-damage 
interaction coefficients (WDICs) were extracted from the harmonic analysis of local FEM 
with non-reflective boundaries (NRB).  
 
Figure 2.17: HGL simulation of wave interaction with damage for 1D wave propagation 
using the SAFE approach and local FEM (Srivastava and Lanza di Scalea 2009). 
Recently, the semi-analytical finite element (SAFE) approach has been developed 
to model guided wave propagation and interaction with damage in composites. As 
illustrated in Figure 2.17, Srivastava and Lanza di Scalea (2009) combines the SAFE 
approach with local FEM to simulate wave interaction with damage in composites for 1D 
guided wave propagation problems. In the global domain, the SAFE approach is employed 
to simulate the guided wave propagation, whereas the damage information is extracted 
from the local FEM analysis. However, the simulation of 2D guided wave propagation and 
interaction with damage in composites has not been achieved. 
2.4 PIEZOELECTRIC WAFER ACTIVE SENSORS AND TUNING EFFECT 
Piezoelectric wafer active sensors (PWAS) are convenient enablers for generating 






GLOBAL (SAFE) GLOBAL (SAFE)
 
30 
applications can be found in ref. (Mei et al. 2019a). Figure 2.18 shows the comparison 
between the conventional ultrasonic transducer and PWAS. 
 
Figure 2.18: Comparison between conventional ultrasonic transducer and PWAS 
(Giurgiutiu 2014). 
The conventional ultrasonic transducers are bulky, expensive, and can only 
generate through thickness pressure waves in the structures, which cannot satisfy the need 
for inspection of large areas. Compared with conventional transducers, PWAS are low 
profile, lightweight, low cost, and unobtrusive to structures. They can be permanently 
bonded on host structures in large quantities and achieve real-time monitoring of the 
structural health status. They couple with the structure through in-plane motion and 
generate Lamb wave (a type of ultrasonic guided waves), which makes them suitable for 
inspection large areas of interest. 
2.4.1 PWAS PRINCIPLES AND OPERATION MODES 
Piezoelectric wafer active sensors (PWAS) couple the electrical and mechanical 
effects (mechanical strain, ijS , mechanical stress, klT , electrical field, kE , and electrical 
displacement, jD ) through the following tensorial piezoelectric constitutive equations 
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ijkls  is the mechanical compliance of the material measured at zero electric field 
( 0E  ), T
jk  is the dielectric permittivity measured at zero mechanical stress ( 0T  ), and 
kljd  represents the piezoelectric coupling effect. PWAS utilize the 31d  coupling between 
in-plane strains, 1 2,S S  and transverse electric field 3E . 
 
Figure 2.19: Schematic of PWAS application modes (Giurgiutiu 2014). 
PWAS transducers can be used as both transmitters and receivers. Their modes of 
operation are shown in Figure 2.19. PWAS can serve several purposes (Giurgiutiu 2014): 
(a) high-bandwidth strain sensors; (b) high-bandwidth wave exciters and receivers; (c) 
resonators; (d) embedded modal sensors with the electromechanical (E/M) impedance 
method. By application types, PWAS transducers can be used for (i) active sensing of far-
field damage using pulse-echo, pitch-catch, and phased-array methods, (ii) active sensing 
of near-field damage using high-frequency E/M impedance method and thickness gage 
mode, and (iii) passive sensing of damage-generating events through detection of low-
velocity impacts and acoustic emission at the tip of advancing cracks (Figure 2.19). The 
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main advantage of PWAS over conventional ultrasonic probes is in their lightweight, low 
profile, and low cost. In spite of their small size, PWAS are able to replicate many of the 
functions performed by conventional ultrasonic probes. 
2.4.2 PWAS COUPLED GUIDED WAVES AND TUNING EFFECT 
Figure 2.20 shows the coupling between PWAS and the host structure and 
illustrates how PWAS transducers generate Lamb waves. When an oscillatory electric 
voltage at ultrasonic frequencies is applied on PWAS, due to the piezoelectric effect, an 
oscillatory strain is induced to the transducer. Since the structure constrains the motion of 
PWAS, the reacting force from the bonding layer will act as shear stress on the host 
structure and generate wave motion. 
 
Figure 2.20: Lamb wave generation using PWAS transducers (Giurgiutiu 2014). 
The Lamb wave amplitude excited by PWAS depends on the PWAS size, plate 
thickness, and excitation frequency. For a given PWAS and plate geometry, the amplitudes 
of Lamb modes changes with frequency. It was found that tuning possibility exists for 
generating single Lamb mode with PWAS transducers. The tuning effect is important 
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The analytical model of PWAS generated Lamb waves and its tuning effect on 
isotropic metallic plates has been well investigated (Giurgiutiu 2005; Raghavan and Cesnik 
2005; Sohn and Lee 2009; Santoni-Bottai et al. 2007; Santoni-Bottai and Giurgiutiu 2012). 
Giurgiutiu (2005) first developed the theory of the interaction of a rectangular PWAS with 
one-dimensional (1D) propagation, i.e., straight crested Lamb waves, and presented a 
closed-form solution based on trigonometric functions. Raghavan and Cesnik (2005) 
extended tuning concepts to the case of a circular transducer coupled with two-dimensional 
(2D) propagation, i.e., circular crested Lamb waves, and proposed the corresponding 
tuning prediction formula based on Bessel functions. Sohn and Lee (2009) proposed a 
calibration technique to address the discrepancy between experimental and theoretical 
tuning curves of Lamb waves by taking into account the bonding layer and the energy 
distribution between various modes. Santoni-Bottai et al. (2007) performed theoretical 
studies and experimental measurements of the Lamb-wave tuning and found that the 
capability to excite only one desired wave mode based on the tuning is crucial for the 
embedded ultrasonic structural radar. To improve the model of tuning, an exact shear-lag 
solution of Lamb-wave tuning with PWAS was derived from first principles using the 
normal mode expansion (NME) method (Santoni-Bottai and Giurgiutiu 2012). A similar 
tuning effect is also possible in anisotropic composite plates. However, the theoretical 
analysis is more complicated due to the anisotropic characteristics of the wave propagation 
in composite materials. Giurgiutiu and Santoni-Bottai (2011) derived the theoretical 
predictions of tuning using NME and the dispersion curves of Lamb waves in composite 
plates. These analytical developments of tuning facilitate the understanding of PWAS-
coupled Lamb waves for SHM applications. 
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Figure 2.21 shows the tuning curve for 7-mm PWAS and 1.6-mm thick aluminum 
plate situation. It is apparent that the amplitudes of S0 and A0 Lamb modes excited by the 
PWAS transducer change with frequency. Around 300 kHz, A0 Lamb mode reaches the 
rejecting point where no A0 mode Lamb wave will be excited. This is a sweet spot for 
generating only S0 wave mode for structural inspection. 
 
Figure 2.21: (a) Strain Lamb wave tuning results from analytical solution; (b) experimental 
results from PWAS response (Giurgiutiu 2014). 
2.5 ANGLE BEAM TRANSDUCERS FOR PURE-MODE GUIDED WAVE 
EXCITATION 
The problem for the typical guided wave is made complicated by the existence of 
at least two wave modes at any given frequency, and by the inherent dispersive nature of 
the Lamb wave modes existing in thin-wall structures. Therefore, it will make the wave 
signal complex and increase the difficulty of signal interpretations. To solve the problem, 
single piezoelectric transducer with mode tuning effect (Giurgiutiu 2005) and double 
piezoelectric transducers with symmetric bonding technique (Wang and Yuan 2007) have 
been tried for selective excitation of a single desired wave mode. 
In recent years, angle beam transducers (ABT) have also been utilized to achieve 




one transmitter ABT and one receiver ABT, to detect the crack growth in an aluminum 
plate using the S1 mode Lamb wave, as shown in Figure 2.22.  
 
Figure 2.22: (a) Schematic of pitch-catch experiment using ABT pair for crack detection; 
(b) crack size in an aluminum plate (Bunget et al. 2018). 
Wang et al. (2019) used the ABT pair, one transmitter and one receiver, to detect 
the disbond in a multilayer bonded structure using a high-order mode Lamb wave. Figure 
2.23 shows the schematic of the pure-mode guided wave excitation and disbond detection 
using ABT. Toyama and Takatsubo (2004) employed the ABT and acoustic emission (AE) 
methods to detect impact damage in a crossply composite plate. In their study, the ABT 
was used as a transmitter to generate a pure S0-mode Lamb wave. These studies facilitate 
the understanding of SHM applications using single-mode Lamb waves generated by ABT. 
 
Figure 2.23: Schematic of guided wave generation and detection using ABT pair: (a) 





CHAPTER 3  
GUIDED WAVE DISPERSION CURVES IN COMPOSITES 
In this chapter, a semi-analytical finite element (SAFE) approach is presented to 
calculate guided-wave dispersion curves in composites. The theoretical derivative of group 
velocity and skew angle is introduced. The SAFE framework is formulated using the finite 
element method (FEM) to describe the material variation across the thickness direction and 
assuming an analytical solution along the wave propagation direction. As with any finite 
element approach, the convergence study is first performed to ensure the accuracy of the 
SAFE approach. Then, numerical verifications with existing reference data are conducted 
to assess the performance of the SAFE approach. Dispersive curves are obtained in terms 
of phase velocity, group velocity, and the skew angle between them. Finally, experimental 
validations are conducted using the pitch-catch experiment and the scanning laser Doppler 
vibrometer (SLDV) measurements in unidirectional carbon fiber reinforced polymer 
(CFRP) composite plates. A good match is achieved. 
3.1 INTRODUCTION 
The extensive use of composites in aerospace structures has posed new challenges 
for implementing effective structural health monitoring (SHM) and nondestructive 
evaluation (NDE) techniques due to the general anisotropic behavior and complicated 
guided-wave features in composites (Su et al. 2006; Mitra and Gopalakrishnan 2016; 
Giurgiutiu 2016). In composites, guided waves propagate at various velocities in different 
directions (Wang and Yuan 2007). Many computational methods for the modeling of 
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guided wave propagation in composites have been developed (Willberg et al. 2015). 
However, guided wave propagation in laminated composites is much more complicated 
than in metallic structures (Giurgiutiu 2016). The first obstacle to be overcome is the 
dispersion-curve calculation that generates dispersion curves in terms of phase and group 
velocities, the skew angle between them, and the modeshapes across the thickness. 
The matrix method is one of the most common approaches for calculating guided-
wave dispersion curves in composites. Researchers have reported several efficient 
techniques, such as transfer matrix method (TMM) (Thomson 1950; Haskell 1951; Lowe 
1995), stiffness matrix method (SMM) (Wang and Rokhlin 2001), stiffness transfer matrix 
method (STMM) (Kamal and Giurgiutiu 2014a), global matrix method (GMM) (Knopoff 
1964), and reverberation-ray matrix method (RRM) (Pao et al. 1999; Ma et al. 2016). TMM 
was proposed by Thomson (1950) to model the guided waves propagating in laminated 
composites. TMM is computationally efficient due to the condensed equation system 
(Thomson 1950; Haskell 1951), but numerical instability has been reported at large 
frequency-thickness (fd) products (Lowe 1995). A number of studies have been conducted 
to avoid instability. The method is based on SMM (Wang and Rokhlin 2001). At large fd 
values, the SMM turned out to be stable, but for small fd values, it suffers root finding 
problems. Kamal and Giurgiutiu (2014a) proposed a stable STMM, aiming at combining 
the virtues of TMM and SMM. Steady stability was found for all the fd values. However, 
the transition between TMM region and SMM region needs to be determined for each 
calculation. GMM was first developed by Knopoff (1964). It combines stress and 
displacement components at the boundaries of each layer with boundary conditions. All 
these quantities are assembled in one single matrix. Compared with TMM technique, 
 
38 
GMM has the advantage that it remains stable throughout the fd range. The disadvantage 
of GMM is that the global matrix assembled to be a large matrix when laminates have a 
large number of layers, resulting in heavy computation burden and long computation time. 
RRM was firstly proposed by Pao et al. (1999) to solve the problem of axial wave 
propagating in truss structures. Ma et al. (2016) improved RRM by combining it with a  
new mode tracing method to calculate dispersion curves in composites, in which a slope 
control algorithm is employed to avoid the switch of tracer from one mode to another 
around the cross point of dispersion curves. Karmazin et al. (2011) proposed a new matrix 
method based on Green’s matrix to investigate the dispersion curves of layer composite 
laminates. 
Different from the matrix methods, the semi-analytical finite element (SAFE) 
approach is a suitable candidate for calculating guided-wave dispersion curves in 
composite plates with material variation in the thickness direction (Mei and Giurgiutiu 
2018b). With this method, the material variation across the thickness direction is described 
using the finite element method (FEM), while analytical complex-valued exponential 
functions are used along the wave propagation direction. This method exploits the benefits 
of numerical and analytical approaches. The finite element discretization makes SAFE 
capable of modeling waveguides with arbitrary cross section and material properties. A 
SAFE approach for waveguides of arbitrary cross-section was demonstrated for the first 
time in 1973 (Aalami 1973). Since then, the SAFE approach was mainly used to obtain 
dispersion curves of isotropic and composite plates. Promising results have been reported 
using SAFE for calculation of dispersion curves and modeshapes in more complex 
waveguides, such as rods (Hayashi et al. 2003), bonded joint (Bartoli et al. 2006), and 
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railroad tracks (Ryue et al. 2009). Recent works demonstrated the SAFE application to 
damped steel pipe (Marzani 2008; Mei and Giurgiutiu 2018a), thermal media (Bouchoucha 
et al. 2016), and stressed plates (Loveday 2009; Peddeti and Santhanam 2018). As in 
conventional FEM applications, convergence study has to be considered to guarantee the 
simulation accuracy (Chitnis et al. 2003). The main advantage of SAFE approach is high 
computational efficiency. Besides, the SAFE approach does not require a root searching 
procedure like most of the analytical matrix method. Instead, the formulation reaches a 
stable eigenvalue problem, which is not only numerically robust and stable but also 
efficient in terms of computation. 
3.2 GROUP VELOCITY VECTOR AND SKEW ANGLE 
In this section, group velocity and skew angle are derived following ref. (Neau, 
2003). The derivation is done in terms of slowness S  which is defined as the inverse of the 
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Note that, according to Eq. (3.4), the slowness vector S  and the wavevector   are 
collinear, the only difference being the scale factor  . For a given frequency   and a 
variable propagation angle  , the slowness vector traces the slowness curve as shown in 
Figure 3.1. As the angle   changes, the magnitude and direction of the slowness vector 
also change. 
 
Figure 3.1: Slowness curve and notation for anisotropic materials. 
3.2.1 GROUP VELOCITY 
The group velocity gc  is the velocity of a group, a.k.a. packet, of waves. In 
dispersive media, waves of various frequencies travel with different wavespeeds. Thus, a 
packet of waves of different frequencies will travel with an aggregate speed known as 
group velocity. The mathematical definition of group velocity is given as the derivative of 









In 2D wave propagation, the group velocity behaves like a vector gc  having its own 















  (3.6) 
The slowness S  and frequency ω satisfy the dispersion equation 
 ( , ) 0S    (3.7) 
Taking the total differential of Eq. (3.7) one writes 
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Use of Eq. (3.4) in Eq. (3.9) gives 
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Multiplication by   and rearrangement yields 
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Note that the definition of group velocity vector Eq. (3.6) can be expressed as 
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Examination of Eq. (3.16) reveals that the numerator is a vector S   whereas the 


















The group velocity vector Eq. (3.18) can be expressed by components parallel and 
perpendicular to the slowness vector S  as illustrated in Figure 3.2.  
 














To achieve this, observe that the slowness vector S  serves as polar radius for the slowness 
curve tracing in polar coordinates, i.e. it can be written as 
 
rS Se  (3.19) 
where re  is the unit vector in the radial direction. As illustrated in Figure 3.2, the derivative 








According to the expression of gradient in polar coordinates, with S  playing the role of 











Substitution of Eqs. (3.19), (3.21) into Eq. (3.17) yields 
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 (3.22) 
since 0re e  , as appropriate for orthogonal unit vectors.  
Substitution of Eq. (3.21) and Eq. (3.22) into Eq. (3.18) yields 
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where D  is calculated with Eq. (3.22).  
The group velocity vector gc  can be expressed as the sum of its projections on the radial 
and circumferential directions as shown in Figure 3.2. The radial component, 
g S
c , is 
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parallel to the slowness vector S , whereas the circumferential component, 
g S
c , is 
perpendicular to the slowness vector S , i.e., 
 
g rg S g S
c c e c e   (3.24) 
















Recall Eq. (3.19) giving the slowness vector expression in polar coordinates, i.e., 
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The tangent vector of the slowness curve St  can be expressed as 
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The scalar product between the tangent vector Eq. (3.28) and the group velocity vector 
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Recall Eq. (3.8) for a constant frequency, i.e., 
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Substitution of Eq. (3.31) into Eq. (3.29) yields 
 0S gt c   (3.32) 
Since, as shown in Eq. (3.32), the scalar product of the tangent vector of the slowness curve 
St  with the group velocity gc  is null, it follows that the group velocity gc  is perpendicular 
to the tangent vector of the slowness curve 
St , i.e., it is normal to the slowness curve, as 
shown in Figure 3.3. 
 
Figure 3.3: Group velocity vector is normal to the slowness curve. 
3.2.2 SKEW ANGLE 
Recall that the slowness vector S , the wavevector,  , and the wavespeed vector, 
c  are all parallel to the wave propagation direction, re . The group velocity vector, gc , 
however, has a different direction because it has components in both the re  and the  e
directions. The angle between the group velocity and wavespeed vectors is known as the 










Figure 3.4: Skew angle between group velocity vector and wavespeed vector. 


































  (3.34) 
Substitution of Eq. (3.34) into Eq. (3.33) yields 
 






















It can be noted that the skew angle   is proportional to the change of wavenumber with 
the change in the wavespeed direction  . If the wavenumber is independent of  , then the 










wavespeed. It is apparent that the skew angle is the angle between the normal to the 
slowness curve ( )S   and the slowness vector S .  
3.3 MATHEMATICAL FRAMEWORK 
3.3.1 SAFE APPROACH 
In this section, the SAFE approach for calculating guided-wave dispersion curves 
in composite plates is described and the mathematical formulations are illustrated. To 
model wave propagation in composite plates, we only need one-dimensional (1D) FEM 
mesh to discretize the cross section. The SAFE model in an infinite composite plate is 
shown in Figure 3.5. The guided waves propagate along x-direction with wavenumber ξ at 
frequency ω. The cross section lies in the y-z plane. The harmonic displacement, stress, 
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Figure 3.5: SAFE model of guided wave propagation in composite plates. 
The constitutive equation at a point is given by  
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Substituting Eq. (3.37) into Eq. (3.39), the strain can be expressed in matrix form as 
 x y z
x y z
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ε L L L u  (3.40) 
where 
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3.3.2 GOVERNING EQUATION 
The governing equation is obtained by inserting the kinetic and strain energies into 







H dt K dt       (3.42) 
where   is the strain energy and K  is the kinetic energy. The strain energy and kinetic 
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where V  is the volume,   is the material density, and the dot represents time derivative. 
After integrating by parts, Eq. (3.42) can be written as 
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For wave propagation, the displacement field is assumed to be harmonic along wave 
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The displacements over the element domain are expressed in terms of the shape functions 
 ,kN y z  and the nodal unknown displacements kxU , kyU , and kzU  of node k  in x , y , 
and z  directions.  
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The symbol  j  indicates the jth element, and n denotes the number of nodes per element. 
Recall Eq. (3.40) and Eq. (3.46), the strain vector can also be expressed in terms of nodal 
displacement and shape functions. 
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where  
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It should be noted that for the y-invariant problem, the first term in 1B  is equal to zero. The 
discrete form of the governing equation in Eq. (3.44) is 
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where jC  and j  are the stiffness matrix and density of the corresponding element. jn  is 
the total number of elements along the plate thickness. For multilayer laminated composites, 
these material properties need to be defined for the elements in each layer. The symbol  
denotes the assembling procedure. 
The substitution of Eq. (3.49) into the strain energy term in Eq. (3.51) yields 
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where j  is the elemental domain. 
The substitution of the displacement expression in Eq. (3.46) into the kinetic energy term 
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Substituting Eqs. (3.52) and (3.53) into Eq. (3.51) yields 
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where U  is the global vector of unknown nodal displacements, and the global stiffness 
matrices 1 2 3,  ,  K K K  and mass matrix M  are expressed as 
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Since Eq. (3.56) is true for any arbitrary 
TU , the following homogeneous wave equation 
in FEM form is obtained 
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Eq. (3.58) can be written in an equivalent equation  
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Eq. (3.59) is an eigenvalue problem. If M  is the dimension of the original vector U , then 
the dimension of Q  is 2M . At each frequency  , one obtains 2M  eigenvalues m , 
1,2, ,2m M . Eq. (3.59) accepts 2M  left eigenvectors 
L
mV  (1 2M  vector) and 2M  
right eigenvectors RmV  ( 2 1M   vector). 
 R R L L,        ,  1, 2, , 2m m m m m m m M   AV BV V A V B          (3.61) 
3.3.3 PHASE VELOCITY CALCULATION 
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For waves propagating in a phase-velocity direction θ, the SAFE approach simply requires 
the rotation of the stiffness matrix of each lamina through  
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where  cosm   and  sinn  . In this way, we can calculate the guided wave 
dispersion curves in all the phase-velocity directions. 
3.3.4 GROUP VELOCITY CALCULATION 
Group velocity is the key information for the signal interpretation as it reveals the 
types of wave modes traveling in the structures. One common way to calculate group 
velocity is cg=dω/dξ, where ω and ξ are angular frequency and wavenumber, respectively. 
However, the differential operation is prone to numerical errors, especially when the phase 
velocity dispersion curves are calculated using a large frequency increment. An alternative 
way of calculating group velocity is using each (ω, ξ) solution obtained from the SAFE 
approach (Bartoli et al. 2006). It starts with the governing equation of SAFE approach in 
Eq. (3.58). We can evaluate the derivative of Eq. (3.58) with respect to the wavenumber ξ 
as 
  2 21 2 3 0Ri  


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K K K M V  (3.66) 
where RV  is the right eigenvectors. Upon simplification and arrangement 
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Pre-multiplying Eq. (3.67) by the transpose of the left eigenvectors T
LV  
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Since 
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1 2 3 0L i       V K K K M , the second term in Eq. (3.68) is equal to zero, 
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Since     is a scalar, the group velocity can be now written as 
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 (3.70) 
Based on the group-velocity formula, it can be calculated for each individual solution (ω, 
ξ) of the dispersion curves independently. 
3.3.5 SKEW ANGLE CALCULATION 
In general, a wave packet in composite plates with anisotropic characteristics does 
not travel in the same direction as the phase velocity. There is a difference between phase-
velocity direction and group-velocity direction, which is defined as skew angle γ. The 
expression can be found in Eq. (3.36). It can be noted that the skew angle is due to the 
wavenumber variation at different phase-velocity direction θ. The skew angle can be 
determined by calculating the derivative of wavenumber ξ with respect to θ from the (ω, ξ) 
solutions of Eq. (3.59) at all phase-velocity directions θ.  
3.4 CONVERGENCE STUDY 
As in conventional FEM applications, convergence study has to be considered to 
guarantee the simulation accuracy. In SAFE approach, 1D FEM mesh is used to discretize 
the thickness direction. Therefore, the accuracy of SAFE approach will depend on the 
number of elements used in the thickness direction. To perform the convergence study, 
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(c)      (d) 
Figure 3.6: Convergence study of the SAFE approach for a 1-mm aluminum plate: (a) 1 
element; (b) 2 elements; (c) 5 elements; (d) 15 elements. 
Table 3.1: Material properties of 2024-T3 aluminum. 
Young’s modulus (E) Poisson’s ratio (ν) Density (ρ) 
73.1 GPa 0.33 2780 kg/m3 
 
We conducted a case study of wave propagation in isotropic materials, where, the 
exact analytical solution for dispersion curves exists. The comparison between SAFE and 
analytical solutions for a 1-mm aluminum 2024-T3 plate was conducted. The material 
properties of 2024-T3 aluminum are given in Table 3.1. The effect of the element number 
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through the thickness on the convergence of SAFE approach was investigated. Figure 3.6 
compares the SAFE results with the results obtained by a unified analytical method as 
reported in (Barazanchy and Giurgiutiu 2017). In the SAFE approach, we use a 1D 
quadratic isoparametric element, which is comprised of three nodes per element. The 
results of convergence study are shown in Figure 3.6. It can be noted that several wave 
modes are not retrieved when the number of element is insufficient (one element), as shown 
in Figure 3.6 (a). When we increase the number of element as shown in Figure 3.6 (b) and 
(c), it can be observed that high-order modes are retrieved. However, the accuracy of the 
solution remains unsatisfactory. When the number of element is increased to 15, 
satisfactory results are obtained for all the high-order modes.  
3.5 VERIFICATION OF GROUP VELOCITY AND SKEW ANGLE 
CALCULATION 
To verify the applicability of the SAFE approach, numerical verifications are 
conducted to calculate dispersion curves in terms of group velocity and skew angle for the 
composite plate in the ref. (Neau 2003). The stiffness matrix C  of the 3.6-mm CFRP 
composite plate is given in Eq. (3.71). The material density is 1560 kg/m3. 
 
86.6 9 6.4 0 0 0
9 13.5 6.8 0 0 0
6.4 6.8 14 0 0 0
GPa
0 0 0 2.72 0 0
0 0 0 0 4.06 0










C  (3.71) 
In reference, an analytical method was used to calculate the dispersion curves of 
group velocity and skew angle. For our SAFE approach, we use 1D quadratic element and 







Figure 3.7: Comparison of the calculation of group velocity and skew angle between 
analytical method and SAFE approach in the 60º direction for symmetric modes: (a) ref. 
(Neau 2003); (b) current work.  








































Figure 3.8: Comparison of the calculation of group velocity and skew angle between 
analytical method and SAFE approach in the 60º direction for anti-symmetric modes: (a) 
ref. (Neau 2003); (b) current work. 
Figure 3.7 shows the comparison of the calculation of group velocity and skew 
angle in the 60º direction (along the phase-velocity direction) for symmetric modes. It can 



































be noted that a good agreement between the two different methods is obtained. The skew 
angle is not zero due to the anisotropic characteristics of composites and it depends on the 
frequency and wave modes. Similarly, the group-velocity and skew-angle comparison of 
anti-symmetric modes are given in Figure 3.8. Our SAFE approach matches well with the 
analytical method used in the reference, which means that the proposed SAFE approach is 
reliable, robust, and efficient in solving dispersion curves of composites. 
3.6 VALIDATIONS USING PITCH-CATCH EXPERIMENT 
The group velocity measurement is used as key information for the signal 
interpretation because it reveals the types of wave modes propagating in the composite 
plates. In this section, a pitch-catch guided-wave experiment is conducted to validate the 
SAFE approach by measuring the group velocity in composite plates. 
3.6.1 EXPERIMENTAL SETUP  
In this experiment, a 1.8-mm thick in-house unidirectional CFRP composite plate 
with a stacking sequence of [0]8 was examined. The material properties of the 
unidirectional CFRP composite plate were measured experimentally using the ultrasonic 
immersion technique (Barazanchy et al. 2018). The stiffness matrix C  is given by Eq. 











145.3 7.2 7.2 0 0 0
7.2 15.3 7.9 0 0 0
7.2 7.9 15.3 0 0 0
0 0 0 3.7 0 0
0 0 0 0 5.7 0
0 0 0 0 0 5.7
C  (3.72) 
To determine the group velocity of the unidirectional composite plate, a large 
number of PWAS disks were employed for guided wave propagation analysis.  
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Table 3.2: Engineering constants of the unidirectional CFRP composite plate.  

















The PWAS network is shown in Figure 3.9, five circular receiver PWAS (R-PWAS) 
(Steminc SM412, 9-mm-diameter disks and 0.5 mm thick) were installed on the front side 
of the plate in various directions (0º, 30º, 45º, 60º, and 90º), and the distance from 
transmitter PWAS (T-PWAS) is 100 mm.  
 
Figure 3.9: Pitch-catch experimental setup on the unidirectional CFRP plate. 
 
(a)       (b) 











To generate single wave mode in the composite plate using the symmetric mode 
excitation and anti-symmetric mode excitation, a pair of T-PWAS is installed on the 
opposite side of the top and bottom surfaces of the CFRP composite plate. The schematic 
of T-PWAS is illustrated in Figure 3.10. Three-count tone-burst excitation signal is applied 
to the T-PWAS at the central frequency ranging from 10 to 600 kHz in steps of 10 kHz. 
Under electrical excitation, the T-PWAS generate single-mode guided wave propagating 
in the composite plate. The guided waves propagate with an out-spreading pattern and 
undergo dispersion. Finally, they are picked up by R-PWAS in different propagation 
directions. 
3.6.2 NUMERICAL PREDICTIONS  
In this section, dispersion curves of the unidirectional composite plate were 
obtained using the SAFE approach. Phase-velocity dispersion curves of the unidirectional 
CFRP composite plate are shown in Figure 3.11. Figure 3.11 (a) presents the phase velocity 
curves in the 0º direction (along the fiber direction). It can be noted that at relatively low 
frequencies, only three fundamental wave modes (S0, SH0, and A0) exist. The S0 mode is 
not very dispersive at the frequency below 600 kHz and has a large phase velocity. The A0 
mode, on the other hand, is highly dispersive and has the lowest phase velocity. The SH0 
mode is non-dispersive and possesses a phase velocity between A0 and S0. Figure 3.11 (b) 
shows the phase velocity curves in the 90° direction. It should be noted that, compared with 
the results in the 0° direction, S0 mode becomes more dispersive and has a much lower 
phase velocity. The SH0 phase velocity does not change much, whereas the A0 phase 
velocity becomes much lower. 
 
62 
Figure 3.12 gives the skew-angle dispersion curves of the unidirectional CFRP 
composite plate obtained by Eq. (3.36). Figure 3.12 (a) shows the skew angle curves in 
both 0º and 90º directions. It can be observed that the skew angles of the three wave modes 
are zero due to the plane of material symmetry. Figure 3.12 (b) presents the skew angle 
curves in the off-axis direction of 45°. It can be noted that, compared with the 0° and 90° 
directions, all the wave modes become nonzero. More specifically, S0 mode processes a 
constant value (around 42°) at the frequencies below 600 kHz. After that, it reaches a peak 
value of 65° at 760 kHz and then decreases rapidly. A0 mode decreases gradually from 35° 
to 16° in this frequency range, whereas the SH0 skew angle increases gradually. 
 
Figure 3.11: Phase-velocity dispersion curves in the unidirectional CFRP composite plate: 
(a) 0º (fiber direction); (b) 90º (transverse direction). 
Similarly, the group velocity of the unidirectional CFRP composite plate can be calculated 
using Eq. (3.70). Figure 3.13 (a) presents the group velocity curves in the 0º direction. The 
S0 mode is not very dispersive at the frequencies below 450 kHz and has a large group 
velocity. On the other hand, the A0 mode is dispersive and has the lowest group velocity. 











between A0 and S0. Figure 3.13 (b) shows the group velocity curves in the 90° direction. 
It should be noted that, compared with the 0° direction, S0 mode becomes more dispersive 
and has a much lower group velocity. The SH0 group velocity does not change much, while 
the A0 group velocity becomes much lower. 
 
Figure 3.12: Skew-angle dispersion curves in the unidirectional CFRP composite plate: (a) 
0º and 90º; (b) 45º. 
 
Figure 3.13: Group-velocity dispersion curves in the unidirectional CFRP composite plate: 
















































Figure 3.14: Skew angle, phase velocity and group velocity directions of A0 mode in 1.8-
mm [0]8 unidirectional composite plate: (a) Phase velocity direction vs. skew angle; (b) 
Group velocity direction vs. skew angle. 
 
Figure 3.15: Skew angle, phase velocity and group velocity directions of A0 mode in 1.8-
mm [0]8 unidirectional composite plate: (a) Phase velocity direction vs. group velocity 
direction; (b) Group velocity direction vs. phase velocity direction. 
To illustrate the skew angle between phase velocity direction and group velocity 
direction, the 3D plot of skew angle, phase velocity and group velocity directions of A0 
mode in the 1.8-mm [0]8 unidirectional composite plate is presented in Figure 3.14. It can 


















































skew angles are observed. In 0 and 90 degrees, the skew angles are zero as expected. Figure 
3.15 shows another representation of skew angle in terms of phase velocity direction and 
group velocity direction at different frequencies. It was found that a lager skew angle was 
observed between 30 and 90 degrees.  
3.6.3 EXPERIMENTAL RESULTS 
Figure 3.16 illustrates the procedure of obtaining the time of flight (TOF) 
information. The procedure of extracting TOF by Hilbert transform is listed as follows: (1) 
computing envelop of the response signal in time domain; (2) storing the time instants of 
each peak in the time slice, which are associated with TOFs of various wave modes. The 
group velocity can be easily obtained by dividing the propagation length (R-PWAS to T-
PWAS distance, 100 mm in this experiment) by the TOF. At each frequency, the group 
velocities for both S0 and A0 modes are obtained. 
 
Figure 3.16: Schematic of time-of-flight (TOF) information extraction.  
For the theoretical predictions, the SAFE approach is used to calculate group 
velocity dispersion curves in the composite plate. The comparison results of A0 and S0 
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modes in the 0º direction are shown in Figure 3.17, it can be noticed that A0 mode has a 
good agreement at low-frequency range (10 kHz to 200 kHz). Because of the tuning effect 
on the amplitude response of A0 mode, measurements could be made only up to 200 kHz 
in the 0º direction. For S0 mode, a good match at the frequency range of 100 kHz to 600 
kHz can be observed, which proves the accuracy of the proposed SAFE approach. 
Figure 3.18 shows the comparison between experimental and theoretical group 
velocity curves for A0 and S0 modes in the 90º direction. It can be also found that the 
SAFE predictions make good agreements with the experimental measurements for both A0 
and S0 modes. 
 
Figure 3.17: Group-velocity comparison between the SAFE prediction and experimental 







Figure 3.18: Group-velocity comparison between the SAFE prediction and experimental 
measurement in the 90º direction. 
3.7 VALIDATIONS USING HYBRID PWAS-SLDV EXPERIMENT 
In this section, the frequency-wavenumber dispersion curves of two unidirectional 
CFRP composite plates with different thicknesses are obtained from hybrid PWAS-SLDV 
experiments and then compared with the theoretical predictions of SAFE approach. 
3.7.1 THIN UNIDIRECTIONAL CFRP COMPOSITE PLATE 
In this experiment, the same CFRP composite plate used in section 3.6.1 was 
examined. To excite guided waves in the unidirectional CFRP composite plate, a circular 
PWAS (Steminc SM412, 9-mm-diameter disk, and 0.5 mm thick) was bonded on the top 
surface as the excitation source. A scanning laser Doppler vibrometer (SLDV) was adopted 
to measure the out-of-plane velocity of the plate. Thus, a hybrid SLDV-PWAS system was 







Figure 3.19: PWAS-SLDV experimental setup on the 1.8-mm thick CFRP composite plate. 
Figure 3.19 shows the experimental setup on the 1.8-mm thick CFRP composite 
plate. The excitation signal is a three-count tone-burst at the central frequency of 90 kHz. 
Under electrical excitation, the PWAS will generate guided waves propagating in the 
composite plate. The guided waves propagate with an out-spreading pattern, undergo 
dispersion, experience attenuation, and are finally picked up by SLDV.  
To validate the SAFE approach, a comparison between experimental frequency-
wavenumber dispersion curves and the predictions was conducted. Figure 3.20 shows the 
schematic of the hybrid PWAS-SLDV system. In this experiment, the time-space guided 
wave data was obtained from the SLDV line scan. To obtain the experimental frequency-
wavenumber dispersion curves, the measured time-space data  ,u t x  was transformed 
into the frequency-wavenumber domain by applying a two-dimensional (2D) fast Fourier 
transform (FFT) (Tian and Yu 2014). 
      2, , i x ftU f u t x e dtdx 
   
 
     (3.73) 
where  ,U f   is the resulting frequency-wavenumber representation in terms of the 
frequency variable f and the wavenumber variable ξ.  
PWAS 
 






Figure 3.20: Schematic of the hybrid PWAS-SLDV system: line scan in the 0º and 90º 
directions.  
 
Figure 3.21: Comparison between experimental and predicted frequency-wavenumber 
dispersion curves: (a) 0º (fiber direction) (b) 90º (transverse direction). 
The theoretical frequency-wavenumber dispersion curve was calculated using the 
material properties of Table 3.2 and our SAFE formulation. The comparison between 
experiments and predictions in the 0º and 90º directions are shown in Figure 3.21 (a) and 
(b), respectively. Because of the tuning effect on the out-of-plane velocity response of S0 
mode, measurements of S0 mode could be made only in the 90º direction. The red and 








calculated by our SAFE approach. A good match between the experiment and the 
prediction can be observed in both directions. In addition, a larger A0 wavenumber in the 
90º direction and a smaller one in the 0º direction due to the influence of anisotropy can be 
observed. 
The group velocities in different propagation directions were also measured using 
the hybrid PWAS-SLDV system. Figure 3.22 shows the directivity plot of the measured 
and predicted group velocities for A0 mode in the CFRP composite plate at 90 kHz. A 
good match between the experiment and the prediction was achieved. 
 
Figure 3.22: Directivity plot of the measured and predicted group velocities for A0 mode 
wave in the unidirectional composite plate. 
The curve represents the spatial wave propagation pattern. It can be observed that 
A0 mode has the highest group velocity along the fiber direction at 0º and 180º, whereas 





guided waves were excited by a point source, then an elliptical wave crest would be 
obtained. 
3.7.2 NASA THICK IM7G-8552 UNIDIRECTIONAL CFRP PLATE 
In this section, the hybrid PWAS-SLDV system was used to obtain the frequency-
wavenumber dispersion curves for a thick IM7G-8552 unidirectional CFRP composite 
plate. The plate thickness is 15.5 mm and the stacking sequence is [0]96. The stiffness 
matrix of the CFRP plate was measured using ultrasonic immersion technique (Barazanchy 
et al. 2018). The stiffness matrix C  is given by Eq. (3.74) and the corresponding 
engineering elastic properties are given in Table 3.3. 
 
172.6 3.9 3.9 0 0 0
3.9 15.2 5.2 0 0 0
3.9 5.2 15.2 0 0 0
GPa
0 0 0 5 0 0
0 0 0 0 6.17 0










C  (3.74) 
Table 3.3: Engineering elastic properties of the prepreg for thick CFRP plate.  

















In this experiment, the SLDV line scans in the 0º and 90º directions are used to 
measure the out-of-plane velocity of guided waves propagating in the CFRP plate. Then 
the experimental frequency-wavenumber dispersion curves can be obtained.  
3.7.2.1 Validation in the 0º direction 
In this section, the SLDV line scan in the 0º direction was conducted. To obtain 
higher order wave modes in the experiment, the PWAS is excited using a three-count tone-
burst signal at a central frequency of 120 kHz, the peak-to-peak voltage is 140 volt after 
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amplification. Figure 3.23 shows the schematic of hybrid PWAS-SLDV system. The 15.5-
mm IM7G-8552 unidirectional CFRP plate is shown in Figure 3.24. 
 
Figure 3.23: Schematic of the PWAS-SLDV system: line scan in the 0º direction. 
 
Figure 3.24: Thick IM7G-8552 CFRP plate used for validation in the 0º direction.  
The time-space wavefield of the CFRP composite plate is shown in Figure 3.25. It 
can be noted that several wave modes are generated in this thick plate. Then the time-space 
signals are converted to the frequency-wavenumber domain using 2D FFT. The 








Figure 3.25: Time-space wavefield for 15.5-mm IM7G-8552 unidirectional CFRP 
composite plate in the 0º direction. 
 
Figure 3.26: Comparison between measured and predicted frequency-wavenumber 
dispersion curves in the 0º direction. 
For the predictions, SAFE approach was used to calculate the frequency-
wavenumber dispersion curves. The comparison between experimental and predicted 
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frequency-wavenumber dispersion curves in the 0º direction is shown in Figure 3.26. The 
SAFE predictions are in good agreement with the experimental data. Due to the excitation 
frequency of 120 kHz, the A0 mode is the dominant mode, this behavior is validated by 
the experiment. It is important to notice that due to the thickness of the composite plate, 
higher-order wave mode (S1, A1) in this high frequency-thickness domain (1860 kHz-mm) 
are excited. 
3.7.2.2 Validation in the 90º direction 
In this section, the SLDV line scan in the 90º direction was performed. Figure 3.27 
shows the schematic of the hybrid PWAS-SLDV system. The 15.5-mm unidirectional 
IM7G-8552 CFRP plate used for the validation in the 90º direction is shown in Figure 3.28. 
The time-space wavefield in the 90º direction is shown in Figure 3.29. It can be noted that 
several wave modes are generated in the composite plate. Then the time-space signals are 
converted to the frequency-wavenumber domain using 2D FFT.  
 
Figure 3.27: Schematic of the hybrid PWAS-SLDV system: SLDV line scan in the 90º 




Figure 3.28: 15.5-mm IM7G-8552 unidirectional CFRP composite plate used for the 
validation in the 90º direction.  
 
Figure 3.29: Time-space wavefield for 15.5-mm IM7G-8552 unidirectional CFRP 


















Figure 3.30: Comparison between experimental and predicted wavenumber-frequency 
dispersion curves in the 90º direction. 
The comparison between the experiment and prediction in the 90º direction is 
shown in Figure 3.30. The SAFE predictions are in good agreement with the experiment. 
It is important to notice that due to the thickness of the composite plate, higher-order mode 
(S1, S2, A1, and A2) in this high frequency-thickness domain (1860 kHz-mm) are excited. 
3.8 GUI DEVELOPMENT: LAMSS-COMPOSITES 
In this section, a graphical user interface (GUI) ‘LAMSS-COMPOSITES’ is 
developed to retrieve and display the dispersion curves from guided wave database. We 
use the combination of a unified analytical method (Barazanchy and Giurgiutiu 2017) and 
the SAFE approach to generate the database for different materials and layups. Cross-




Figure 3.31: Main interface of LAMSS-COMPOSITES: phase velocity, group velocity, 
and skew angle for the 30-deg propagation in a [0/90]2s crossply CFRP laminate. 
In the GUI, three isotropic materials, four carbon fiber reinforced polymer (CFRP) 
laminates with different layups, and one woven glass fiber reinforced polymer (GFRP) 
laminate are selected to generate the database. The database for new materials and layups 
can be further extended as required. The main interface of LAMSS COMPOSITES is 
shown in Figure 3.31. The database contains the phase and group velocities, the skew angle 
between them, and the modeshape across the thickness. As shown in Figure 3.31, the top 
left figure is the phase velocity. The top right figure shows the group velocity. The bottom 
left has the polar plot for phase velocity and modeshape for wave mode of the selected 
frequency. The bottom right is skew angle. The GUI will automatically load the guided 
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wave database in the database folder. The user can select the database from the Material-
Layup pop-up menu in the control panel, as shown in Figure 3.32. 
 
Figure 3.32: ‘Material-Layup’ pop-up menu for choosing database. 
 
Figure 3.33: Material properties for the crossply CFRP composite plate [0/90]2s: (a) Layer 
#1; (b) Layer #2. 
The user can click the ‘Property’ button to display the detailed material properties 
(stiffness matrix, stacking sequence, and material density) for the material selected from 
the database. Figure 3.33 shows material properties for the selected crossply CFRP [0/90]2s. 
The user can view the material properties of each layer from the Layer number pop-up 
menu. 
In addition, the user can change the direction by typing the value (0 - 360) in the 
textbox or moving the direction slider. The GUI will update all the figures for this specific 
direction. To display the modeshape of a certain wave mode at a specific frequency, the 




update automatically. The top right of figures will display the values for the phase velocity, 




CHAPTER 4  
GUIDE WAVE EXCITATION IN COMPOSITES 
This chapter starts with the semi-analytical finite element (SAFE) approach for the 
modeling of one-dimensional (1D) guided wave (straight crested wave) propagation in 
composite structures. Normal mode expansion (NME) is employed to calculate the 
structural transfer functions of 1D guided wave propagation in metallic and composite 
structures under the excitation of a surface-mounted piezoelectric wafer active sensors 
(PWAS) transmitter. Then, the SAFE approach is extended from 1D case to 2D case. 
Stationary phase method is used to calculate the far-field solution of structural transfer 
function for 2D guided wave (circular crested wave) propagation. Theoretical predictions 
are experimentally validated using scanning laser Doppler vibrometer (SLDV) 
measurements of guided wave propagation generated by a circular piezoelectric wafer 
active sensors (PWAS) transducer in carbon fiber reinforced polymer (CFRP) composite 
plates. It shows that the proposed method achieves good agreement with experimental 
results.
4.1 INTRODUCTION 
The extensive use of composite materials in aerospace structures has posed new 
challenges for implementing effective structural health monitoring (SHM) techniques due 
to the general anisotropic behavior and complicated guided-wave features in composites 
(Su et al. 2006; Park and Sohn 2014; Mitra and Gopalakrishnan 2016). In composites, 
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guided waves propagate at different velocities in different directions (Wang and Yuan 
2007). 
Many computational methods for guided wave propagation in composite plates 
have been developed (Willberg et al. 2015). However, the modeling of guided wave 
propagation in composites, by itself, is a very challenging task. The difficulties come from 
the multi-mode, dispersive, and direction-dependent features of guided wave propagation 
in composites. A conventional finite element model (FEM) containing the detailed 
information of each lamina may become computationally intensive and it is difficult to 
accommodate the accuracy requirements for high frequency and short wavelength guided 
waves over long propagation distances (Maio et al. 2015).  
Several highly efficient techniques have been developed for modeling guided wave 
propagation in composite plates, such as global matrix method (GMM) (Obenchain and 
Cesnik 2013; Pol and Banerjee 2013), local interaction simulation approach (LISA) 
(Nadella and Cesnik 2013; Obenchain and Cesnik 2014; Shen and Cesnik 2016), 
elastodynamic finite integration technique (EFIT) (Leckey et al. 2014), spectral finite 
element method (SFEM) (Ostachowicz 2011; Rekatsinas and Saravanos 2017), and semi-
analytical finite element (SAFE) method (Velichko and Wilcox 2007). Obenchain and 
Cesnik (2013) presented a GMM based method for producing displacement time histories 
for guided wave propagation in laminated plates. Banerjee and Pol (2013) developed a 
semi-analytical GMM model to study the general characteristics of guided wave 
propagation in sandwich composite laminates. Nadella and Cesnik (2013) used LISA to 
investigate the guided wave propagation in composite plates; the effects of hole-damage 
on guided wave propagation using LISA were also investigated (Obenchain and Cesnik 
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2014). Shen and Cesnik (2016) proposed a hybrid model using local FEM/global LISA to 
simulate the guided wave propagation and interaction with damage in composite structures. 
Leckey et al. (2014) performed three-dimensional (3D) simulations in aerospace 
composites using EFIT and validated using scanning laser Doppler vibrometer (SLDV) 
measurements. Ostachowicz et al. (2011) presented a time domain SFEM for studying 
guided waves in composite structures, achieving considerable higher computational 
efficiency over the conventional FEM. Rekatsinas and Saravanos (2017) used a layerwise 
time domain SFEM to simulate guided wave propagation in composite plates. However, a 
heavy computational burden remains if the details of each lamina are included in a SFEM 
model. Velichko and Wilcox (2007) proposed an asymptotic solution based on the SAFE 
approach to investigate the wave propagation in orthotropic laminates by expressing the 
3D Green’s function in terms of mode expansion of a forced two-dimensional (2D) system. 
Glushkov et al. (2010) proposed a Green’s matrix based method to investigate the guided 
wave excitation and diffraction by surface obstacles in composite plates.  
Among the existing methods, the SAFE approach is a suitable candidate for 
modeling guided wave propagation in composite plates with material variation in the 
thickness direction. With this method, the material variation along the thickness direction 
is described using FEM, while analytical complex-valued exponential functions are used 
in the wave propagation direction. This method exploits the benefits of numerical and 
analytical approaches. A SAFE method for waveguides of arbitrary cross-section was 
demonstrated for the first time in 1973 (Aalami 1973). Since then, the SAFE approach was 
mainly used to obtain dispersion curves of isotropic and composite plates. As in 
conventional FEM applications, convergence study has to be considered to guarantee the 
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simulation accuracy (Chitnis et al. 2003). Simulations of the time-transient response of the 
plate due to an external force and to a piezoelectric wafer active sensor (PWAS) excitation 
have been investigated using the SAFE approach in 1D (Moulin et al. 2000; Ramatlo et al. 
2016) and 2D cases (Chapuis et al. 2010; Barouni and Saravanos 2017). The main 
advantage of SAFE approach is high computational efficiency. The SAFE method also 
offers wave-mode separation. Guided waves typically propagate as a combination of 
multiple dispersive wave packets; it is very challenging to separate the individual modes 
when using brute-force FEM techniques. However, the SAFE approach does separate the 
wave modes during the thickness wise FEM analysis. Thus, the complicated guided wave 
feature of each mode can be investigated individually. 
In this chapter, the general SAFE approach is extended to model 1D and 2D guided 
waves excited by a surface-mounted PWAS transmitter. Normal mode expansion (NME) 
is employed to calculate the structural transfer functions of guided wave propagation under 
external excitation. Numerical verifications and experimental validations are conducted to 
assess the performance of the proposed approach.  
4.2 EXCITATION OF 1D STRAIGHT CRESTED GUIDED WAVE IN 
COMPOSITES 
4.2.1 SAFE FORMULATIONS  
In this section, we briefly review the SAFE approach as presented in chapter 3 
without external excitation and then extend it to the case of external excitation using the 
normal mode expansion (NME) method. The SAFE approach assumes finite element 
discretization across the thickness and analytical guided wave propagation along the plate. 




 is employed to describe the wave behavior in the 
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wave propagation direction, where x represents the wave propagation direction,   
represents the wavenumber, ω represents the angular frequency, and t is the time term. The 
cross-section lies in the y z  plane.  
For 1D (straight crested) guided wave propagation, which is a y-invariant problem, guide 
wave propagation takes place in the x direction. They are excited by external tractions t . 
 
Figure 4.1: SAFE model of 1D guided wave propagation. 
Following the procedure in chapter 3 and extending it to the case of externally excited 
guided wave yields Hamilton’s formulation 
      
2
1




dV dV d dt

       
    ε Cε u u u t  (4.1) 
where u  is the displacement, ε  is the strain, C  is the stiffness matrix, V  is the volume, 
  is outer surface of the element, and   is the material density. Eq. (4.1) is similar to Eq. 
(3.8) in chapter 3 with the proviso that it has been extended to include the external 
excitation represented by the tractions t . 
4.2.1.1 Finite Element Procedure 
Considering a wave of frequency ω and wavenumber ξ, the particle displacement 



































      ˆ, , , i x tx y z t z e  u u  (4.2) 
where  ˆ zu  is the z-dependent displacement amplitude to be calculated through the 
application of the finite element method (FEM) in the z direction. 
In the FEM approach, the displacement vector over the element domain is expressed in 
terms of the unknown nodal displacements  jq  and the shape functions  zN , i.e., 
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The symbol  j  denotes the elemental expression, and n denotes the number of nodes per 
element. Recall the strain expression in Eq. (3.4) and Eq. (4.3), the strain vector can also 
be expressed in terms of nodal displacement and shape functions, i.e., 
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It should be noted that for this y-invariant problem, the first term in 1B  is equal to zero. 
Similarly to the displacement vector  
j
u  in Eq. (4.2), the external traction vector  
j
t  is 
described using the nodal external traction  
j
T  as 
          , , ,j j i x tx y z t z e  t N T  (4.8) 
Let 
jn  be the total number of elements along the plate thickness; the discrete form of the 
governing equation from Eq. (4.1) is 
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jC  and j  are the stiffness matrix and density of the corresponding element. For 
multilayer laminated composites, these material properties need to be defined for the 
elements in each layer. The symbol  denotes the assembling procedure. 
Substituting Eq. (4.8) into the external work term in Eq. (4.9) to calculate the integral. This 
can be done by integrating over thickness domain z only since the integration over x and y 
reduces to the unit area Axy due to the complex conjugate terms 
 i x t
e
  
 and the y-invariant 
assumption of the straight crested guided wave. 
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The substitution of Eq. (4.6) into the strain energy term in Eq. (4.9) yields 
 
    
       





1 2 1 2
T T T 2 T









xy j j j j
z
dV
A i i dz
A i i dz

  
   
   
  





q B B C B B q




The substitution of the displacement expression in Eq. (4.3) into the kinetic energy term in 
Eq. (4.9) yields 
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Substitution of Eq. (4.10), Eq. (4.11), and Eq. (4.12) into Eq. (4.9) yields 
 






j jt tn n
j j j j j j j j
j jt t
i dt dt    
 
                  
      
 q k k k m q q f  (4.13) 
where 
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Upon applying the standard finite element assembling procedure, Eq. (4.13) becomes 
    
2 2
1 1




i dt dt          U K K K M U U F  (4.15) 
where U  is the global vector of unknown nodal displacements. The global stiffness 
matrices 1K , 2K , and 3K , mass matrix M , and nodal applied force F  are expressed as 
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Arrangement of Eq. (4.15) yields 
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Since Eq. (4.17) is true for any arbitrary TU , the term in parentheses must vanish and the 
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Eq. (4.18) can be written in an equivalent equation  
   A B Q P  (4.19) 
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For P 0 , the Eq. (4.19) yields an eigenvalue problem, that is 
 AQ BQ  (4.21) 
The eigenvalue problem in Eq. (4.21) is evaluated numerically by using Matlab 
eigenvalues and eigenvectors function. If M  is the dimension of the original vector U , 
then the dimension of Q  is 2M . At each frequency  , one obtains 2M  eigenvalues m , 
1,2, ,2m M . Eq. (4.21) accepts 2M  left eigenvectors LmV  (1 2M  vector) and 2M  
right eigenvectors R
mV  ( 2 1M   vector). 
 R R L L,        ,  1, 2, , 2m m m m m m m M   AV BV V A V B          (4.22) 
4.2.1.2 Displacement Field in Wavenumber Domain 
To address the complete solution of guided wave response due to PWAS excitation 
(when P 0 ), the normal mode expansion (NME) method is used to formulate the 
complete solution in terms of the homogeneous solution obtained in chapter 3. Assume Q  
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Since the nodal displacement vector U  ( 1M   vector) is the upper part of Q  ( 2 1M   
vector) according to Eq. (4.20). Let m  denotes the upper part of 
R
mV , i.e., 
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   (4.26) 
4.2.1.3 Displacement Field in Physical Domain 
The displacement vector  ,x u  in the physical domain can be obtained from Eq. 



























  (4.27) 
The evaluation of the integral in Eq. (4.27) can be done by the residue theorem 
(Giurgiutiu 2014), along the lines using a contour consisting of a semicircle in the upper 
half of the complex ξ plane and the real axis as shown in Figure 4.2. The negative 
wavenumbers will be excluded from the integration contour because we are only concerned 
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Figure 4.2: Close contour for evaluating the inverse Fourier transform by the residues 
theorem (Giurgiutiu 2014). 
The summation in Eq. (4.28) is taken over all the symmetric and antisymmetric positive 
real wavenumbers m  that exist at the frequency at which the analysis is conducted. To 
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Substitution of Eq. (4.29) into Eq. (4.28) yields 
 










           










































Based on the strain-displacement relation, the expression for normal strain in the x direction 













           






































4.2.2 COUPLING BETWEEN PWAS AND HOST STRUCTURE 
PWAS transducers are convenient enablers for generating and receiving guided 
waves in structures for SHM applications. Compared with conventional transducers, 
PWAS are low profile, lightweight, low-cost, and unobtrusive to structures.  
In order to simulate the PWAS-excited guided waves in composite plates, the 
coupling between them needs to be modeled. The transmission of actuation and sensing 
between the PWAS and the host structure is achieved through the adhesive layer. The 
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adhesive layer acts as a shear layer, in which the mechanical effects are transmitted through 









Figure 4.3: Plate thickness 2h d , with a PWAS of width 2a , under harmonic loading on 
the top surface (Giurgiutiu 2014). 
Assume harmonic shear-stress boundary excitation applied to the upper surface of the plate 
(Figure 4.3), i.e., 
 ( , ) ( ) i tx t x e     (4.32) 
In the case of ideal bonding, the shear stress in the bonding layer is concentrated at the ends 
and we can use the pin-force model. Assume the PWAS is positioned symmetrically about 
the origin, i.e., it stretches from x a   to x a  . The shear stress is expressed as 
  ( ) ( ) ( )ax a x a x a        (4.33) 
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  (4.34) 
To simulate the guided wave propagation due to the excitation by a surface-mounted 
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4.2.3 TIME DOMAIN SIMULATIONS 
Time domain simulations are required for direct comparison with experimental 
measurements. Experiments are performed by applying a tone-burst voltage excitation to 
the PWAS transducer and measuring the out-of-plane displacements or in-plane strains at 
various locations. The structural transfer functions described in Eqs. (4.30) and (4.31) can 
be used to determine the time-domain response.  
4.2.3.1 Pitch-catch Configuration between T-PWAS and R-PWAS  
 
Figure 4.4: A pitch-catch configuration between T-PWAS and R-PWAS. 
This section describes how an electrical excitation signal applied to a transmitter 
PWAS (T-PWAS) propagates through a composite structural waveguide to the receiver 
PWAS (R-PWAS) in a pitch-catch mode, as shown in Figure 4.4. Figure 4.5 shows the 
flow chart of time domain simulation for 1D guided wave propagation in composites. The 
predictive model can be constructed in the frequency domain using the following four steps: 
Transmitter PWAS 
Excitation:  
Guided wave propagation in composite plates 
Receiver PWAS 






Figure 4.5: Flow chart of time domain simulation for 1D guided wave propagation. 
Step1: Perform Fourier transform of the time-domain excitation signal  TV t  to 
obtain the frequency-domain excitation spectrum  TV  . 
     T TV FFT V t   (4.36) 
For a tone-burst signal, the time-domain signal  TV t  and its corresponding 
Fourier transform  TV   are shown in Figure 4.6. 
 
Figure 4.6: Tone burst signal: (a) time domain; (b) frequency domain. (Giurgiutiu 2014). 
Step 2: Calculate the frequency-domain structural transfer function  ,rG x   from 
T-PWAS to R-PWAS. For the PWAS measurements, the structural transfer function 
Perform inverse Fourier transform 
 
Multiply with structural transfer function 
 
Calculation of structural transfer function 
 
Fourier transform of excitation signal 
 
(a) (b) 









 ,rG x   for the in-plane strain at the top surface of the plate should be used. It can be 
computed from the in-plane normal stain expression in Eq. (4.31). 
    , ,r x r z dG x x     (4.37) 
where d is the half plate thickness. 
Step 3: Multiply the structural transfer function by frequency-domain excitation 
signal  TV   to obtain the frequency-domain signal. Hence, the guided wave arriving at 
the R-PWAS location is 
      , ,R r T rV x V G x     (4.38) 
Step 4: Perform the inverse Fourier transform to obtain the time-domain guided 
wave signal at the R-PWAS. 
     , ,R r R rV x t IFFT V x   (4.39) 
 
Figure 4.7: T-PWAS signal and R-PWAS signal for demonstration. 
Due to the multi-modal nature of guided wave propagation, the received signal has 
at least two wave packets of S0 and A0 modes (Figure 4.7). This analysis can be extended 








independently in the structures. The final waveform will be the superposition of all the 
propagating waves. 
4.2.3.2 Pitch-catch Configuration between PWAS and SLDV 
Alternatively, a pitch-catch configuration between a PWAS and a scanning laser 
Doppler vibrometer (SLDV) is shown in Figure 4.8. The SLDV is employed to pick up the 
out-of-plane velocity of guided waves at the top surface of the plate. 
 
Figure 4.8: A pitch-catch configuration between PWAS and SLDV. 
To predict the time-domain signal of SLDV measurement, we need to calculate the 
frequency-domain structural transfer function  ,rG x   from T-PWAS to SLDV. For 
SLDV measurements, the structural transfer function for the out-of-plane velocity at the 
top surface of the plate should be used. It can be calculated from the out-of-plane 
displacement expression in Eq. (4.30) by multiplying i  because of the time harmonic 
term i te  . 
      , ,r z r z dG x i u x       (4.40) 
Then, the same procedure in the previous section can be applied to generate the 




Receiver SLDV  
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4.2.4 VERIFICATIONS WITH EXISTING DATA 
To verify the applicability of the proposed SAFE approach, numerical verifications 
are conducted to calculate tuning curves of metallic and composite plates. 
4.2.4.1 Tuning Curve of an Aluminum Plate 
In this section, we can calculate the tuning curves of in-plane displacement response 
xu  and strain response x  for a 1-mm 2024-T3 aluminum plate under a 7-mm PWAS 
excitation and compare the results with the theoretical predictions in the ref. (Giurgiutiu 
2014). The material properties of 2024-T3 aluminum plate are given in Table 4.1.  
Table 4.1: Material properties of 2024-T3 aluminum plate. 
Young’s modulus (E) Poisson’s ratio (ν) Density (ρ) 
73.1 GPa 0.33 2780 kg/m3 
 
Figure 4.9 shows the comparison of the individual tuning behavior of S0 and A0 
modes in the 0-1000 kHz frequency range between the ref. (Giurgiutiu 2014) and our SAFE 
approach. It can be noted that the two results are the same, which proves that our SAFE 











Figure 4.9: Comparison between the ref. (Giurgiutiu 2014) and our SAFE approach for 
tuning curves of a 1-mm 2024-T3 aluminum plate under a 7-mm PWAS excitation: (a) 
displacement response xu ; (b) strain response x . 
4.2.4.2 Tuning Curve of a Composites plate 
In this section, we consider a 1-mm thick [45/-45/0/90]s CFRP composite plate used 
in the ref. (Ahmad et al. 2013). The stiffness matrix C  is given by Eq. (4.41) and the 











143.8 6.2 6.2 0 0 0
6.2 13.3 6.5 0 0 0
6.2 6.5 13.3 0 0 0
0 0 0 3.4 0 0
0 0 0 0 5.7 0
0 0 0 0 0 5.7
C  (4.41) 
Table 4.2: Engineering constants of the [45/-45/0/90]s CFRP composite plate.  




















Strain response from SAFE Strain response from (Giurgiutiu 2014) 
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The PWAS length is taken as 2a =6 mm. Figure 4.10 shows the comparison 
between the ref. (Ahmad et al. 2013) and our SAFE approach for tuning curves of the 
composite plate in the 0º direction. A good agreement between the two results was achieved. 
 
 
Figure 4.10: Comparison between the ref. (Ahmad et al. 2013) and our SAFE approach for 
tuning curves of 1-mm thick [45/-45/0/90]s composite plate in the 0º direction: (a) 
displacement response xu ; (b) strain response x . 
  












4.2.5 EXPERIMENTAL VALIDATIONS 
In this section, experiments are conducted to validate the predicted time-domain 
signals for metallic and composite plates using the SAFE approach. The comparison 
between theoretical predictions and experimental results is also discussed.  
4.2.5.1 Aluminum Plate  
First, an aluminum plate was used to validate our SAFE approach for the simulation 
of 1D (straight crested) guided wave propagation. To examine the performance of the 
SAFE approach for metallic plates, we first performed a pitch-catch guided-wave 
experiment on a 1.016-mm 2024-T3 aluminum plate, as shown in Figure 4.11.  
 
Figure 4.11: Experimental setup on a 1.016-mm 2024-T3 aluminum plate. 
The specimen is a 2024-T3 aluminum plate with a dimension of 600×600×1.016 
mm3. Two 7-mm square PWAS disks (APC 850, 0.2-mm thick) were installed on the front 
side of the plate to perform guided wave propagation analysis. The experimental 
acquisition was conducted using three-count tone-burst excitation signals, at the central 
frequencies of 30 kHz and 300 kHz, using the transmitter PWAS (T-PWAS) as actuator 
and receiver PWAS (R-PWAS) as sensor. The distance between T-PWAS and R-PWAS is 
320 mm, as shown in Figure 4.11. An HP 33120A function generator was used to generate 
T-PWAS 




the excitation signal applied to the T-PWAS. A TDS5034B digital oscilloscope was used 





Figure 4.12: Comparison between the experiment and prediction for guided wave 
propagation in a 1.016-mm 2024-T3 aluminum plate: (a) 30 kHz; (b) 300 kHz. 
To predict response signals, material properties, PWAS size, and sensing location 







are obtained. Figure 4.12 shows the comparisons between experimental measurements and 
SAFE predictions at 30 kHz and 300 kHz excitations.  
It can be observed that at 30 kHz, only A0 mode exists, as shown in Figure 4.12 (a). 
The SAFE prediction matches well with experimental data. At 300 kHz, S0 and A0 modes 
exist simultaneously, as shown in Figure 4.12 (b). The predicted result and the 
experimental measurement have a slight difference for S0 mode, but an obvious difference 
for A0 mode. This is due to the assumptions of straight-crested guided wave and pin-force 
excitation. 
4.2.5.2 Unidirectional Composite Plate 
In this section, a unidirectional CFRP composite plate was used to validate our 
SAFE approach for the simulation of 1D guided wave propagation. 
 
Figure 4.13: Experimental setup on the 1.8-mm unidirectional CFRP plate. 
To assess the applicability of SAFE approach for composite plates, pitch-catch 










used in chapter 3. Five 9-mm circular PWAS disks (Steminc SM412, 9-mm-diameter disks, 
and 0.5-mm thick) were installed on the front side of the plate in various angular directions 
(0º, 30º, 45º, 60º, and 90º) to perform guided wave propagation analysis. The distance 
between R-PWAS and T-PWAS is 100mm. The PWAS network is shown in Figure 4.13. 
Five-count tone-burst excitation signal is applied to the T-PWAS at the central frequency 
of 90 kHz. Figure 4.14 shows the tuning curves of strain response and displacement 
response in the 0º and 90º directions for this unidirectional composite plate.  
 
 
Figure 4.14: Tuning curves of the unidirectional composite plate in the 0º and 90º predicted 
by SAFE approach: (a) strain response x ; (b) displacement response xu . 
















It can be observed that the strain and displacement responses have obvious 
differences in the 0º and 90º directions due to the anisotropic behavior of this unidirectional 
composite plate. The material in the 90º direction is dominated by the polymeric matrix, 
which is softer, whereas the material behavior in the 0º direction is dominated by the much 
stiffer fibers. For the strain response of S0 mode in the 0º direction, there is only one peak 





Figure 4.15: Comparison between the experiment and SAFE prediction at 90 kHz 
excitation: (a) 0º (fiber direction); (b) 90º (transverse direction). 






90 kHz, 90 deg. 
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Figure 4.15 shows the comparisons between the experiment and SAFE prediction 
in the 0º and 90º directions at 90 kHz excitation. Figure 4.15 (a) is the comparison result 
in the 0º direction, a relatively good agreement between the experiment and prediction can 
be observed for the S0 and A0 modes. In addition, the experimental measurement has some 
boundary reflections. Similarly, the comparison results in the 90º direction are described 
in Figure 4.15 (b). It can be noted that the S0 mode matches well the experiment, whereas 
A0 mode has a slight difference.  
4.2.5.3 Woven Composite Plate 
In this section, a woven CFRP composite plate was used to validate our SAFE 
approach.  
 
















A large number of PWAS disks (Steminc SM412, 9-mm-diameter disks, and 0.5-
mm thick) were used for guided wave propagation analysis. The PWAS network bonded 
on the woven CFRP plate is shown in Figure 4.16. The specimen under investigation is a 
plate consisting of a carbon fabric substrate combined with an epoxy resin system. The 
plate dimension is 350×350×2 mm3. The plate plies have the orientation [0/45/45/0]s. 
Three-count tone-burst excitation signal was performed, at a central frequency of 90 kHz, 
using T-PWAS as actuator and R-PWAS as sensors.  












65.7 6.4 1.0 0 0 0
6.4 68.4 2.7 0 0 0
1.0 2.7 8.7 0 0 0
0 0 0 5.0 0 0
0 0 0 0 5.0 0
0 0 0 0 0 5.0
C  (4.42) 
Table 4.3: Engineering elastic properties of the woven CFRP composite plate (Gresil and 
Giurgiutiu 2015). 
Figure 4.17 shows the tuning curves of strain response and displacement response 
in the 0º and 45º directions for the 2-mm woven composite plate.  
E11 E22 E33 ν12 ν13 ν23 G12 G13 G23 ρ 





Figure 4.17: Predicted tuning curves of the woven composite plate in the 0º and 45º 
directions: (a) strain response x ; (b) displacement response xu . 
It can be observed that the strain and displacement responses are similar in the 0º 
and 45º directions due to the quasi-isotropic assumption for this woven composite plate. 
For the strain response of S0 mode, there is only one peak around 320 kHz, whereas several 
peaks exist for A0 mode. 
Figure 4.18 shows the comparisons between the experiment and SAFE prediction 
in the 0º and 90º directions at 90 kHz. Figure 4.18 (a) is the comparison result in the 0º 
Strain response   













direction, it can be observed that the S0 and A0 modes match well with the experimental 
result, while there are some differences in the zone between S0 mode and A0 mode. In 
addition, the experimental measurement has some boundary reflections. Similarly, the 
comparison result in the 45º direction is described in Figure 4.18 (b). It can be noted that 





Figure 4.18: Waveform comparison between SAFE prediction and experiment at 90 kHz 
excitation: (a) 0º; (b) 45º. 
  








90 kHz, 45 deg. 
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4.3 EXCITATION OF 2D GUIDED WAVE IN COMPOSITES 
In this section, the SAFE approach is extended from 1D case to 2D case. Stationary 
phase method is used to calculate the far-field solution of structural transfer function for 
2D guided wave propagation. 
4.3.1 MATHEMATICAL FRAMEWORK  
Considering an infinite composite plate as shown in Figure 4.19. To model guided 
wave propagation in this composite plate, we are going to use the semi-analytical finite 
element (SAFE) approach in which the guided waves propagate analytically in the ,r   
directions while in the thickness direction z the domain is being discretized with the finite 
element method (FEM). The harmonic term 
 x yi x y te
   
 is used to describe the guided wave 
propagation, where x and y are the wave propagation directions, ,  x y   are the 
corresponding wavenumbers, ω is the angular frequency, and t is the time term.  
 
Figure 4.19: SAFE model of guided wave propagation. 
The wave propagation takes place in the direction of 
x yi j    . The guided waves are 
excited by external tractions τ  placed on the contour   around the origin.  
Following the procedure in chapter 3 and extended it to the case of externally excited 
guided waves yields Hamilton’s formulation  
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dV dV d dt

       
    ε Cε u u u t  (4.43) 
where u  is the displacement, ε  is the strain, C  is the stiffness matrix, and   is the mass 
density. Eq. (4.43) is similar to Eq. (3.8) in chapter 3 with the proviso that it has been 
extended to include the external excitation represented by the tractions τ  acting on the 
contour   placed around the origin. 
4.3.1.1 SAFE Procedure 
Considering a wave of frequency   and wavenumber 
x yi j    , the particle 
displacement can be written as 
      ˆ, , , x y
i x y t
x y z t z e
   
u u  (4.44) 
where  ˆ zu  is the z-dependent displacement amplitude to be calculated through the 
application of the finite element method (FEM) in the z direction. 
In the FEM approach, the displacement vector over the element domain is expressed in 
terms of the unknown nodal displacements 
 j
q  and the shape functions  zN , i.e., 
 
         , , , x y
i x y tj j
x y z t z e
   

















N  (4.46) 
 
  T
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x y z x y z xn yn znU U U U U U U U U   q
  (4.47) 
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The symbol  j  indicates the jth element and n denotes the number of nodes per element. 
Recall the strain expression from Eq. (3.4) and Eq. (4.45), and express the strain vector in 
terms of nodal displacements and shape functions, i.e., 
 
       
     1 2 3    
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x y
i x y tj j
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   
   
   
  
ε L L L N q
B B B q
 (4.48) 
where  






B L B L N B L N   (4.49) 
Similarly to the displacement vector  
j
u  in Eq. (4.45), the external traction vector  
j
τ  can 
be described using the applied nodal traction  
j
Τ  as 
 
         , , , x y
i x y tj j
x y z t z e
   
τ N T   (4.50) 
The FEM form of Hamilton’s equation from Eq. (4.43) is given by 
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        
         
  
 
ε C ε u u
u τ
 (4.51) 
where jn  is the total number of elements. jC  and j  are the stiffness matrix and mass 
density in the jth element. For multilayer laminated composites, these material properties 
vary from layer to layer; hence at least one element in each layer is required. The symbol 
 denotes the assembling procedure. 
Following the procedure in chapter 3 and substituted the displacement vector  
j
u , strain 
vector  
j
ε , and traction vector  
j
τ  into Eq. (4.51) to compute the integral. This can be 
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done by integrating over thickness domain z only, since the integration over x and y reduces 
to the unit area xyA  due to the complex conjugate terms 
 x yi x y te
    
 and 
 x yi x y te
    
, i.e., 
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dV A dz      u u q N N q  (4.54) 
Substitution of Eq. , Eq. (4.53), and Eq. (4.54) into Eq. (4.51)yields 
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where 
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m N N f N NT
  (4.56) 
Upon applying the standard FEM assembling procedure, Eq. (4.55) becomes 







dt     
  U K M U - F  (4.57) 
where U  is the global vector of unknown nodal displacements. The global stiffness matrix 
K , mass matrix M , and nodal applied force F  are expressed as 
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          
1 1 1
, , , ,
j j jn n n
j j j
x y x y
j j j
   
  
  K k M m F f  (4.58) 
Since Eq. (4.58) is true for any arbitrary TU , the term in parentheses must vanish and 
following nonhomogeneous general wave equation in FEM form is obtained 
   2,x y    K M U = F   (4.59) 
4.3.1.2 Far-field Solution 
Figure 4.20 shows the top view of wave propagation in composite plates and the 
coordinate definitions. The symbols ϕ and θ represent the group velocity direction and 
phase velocity direction, respectively. The parallel horizontal lines signify the primary 
direction in the composite (e.g., the fiber direction in a unidirectional composite). 
 
Figure 4.20: Top view of wave propagation in composite plates and the corresponding 
coordinate systems. 
The transformation from the coordinate system (x, y, z) to the new coordinate 
system (n, l, z) is represented by the matrix R, i.e., 
x 















Group velocity Phase velocity 
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    
cos sin 0
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     
       
          
R R  (4.60) 
where θ is the phase velocity angle. 
The wavenumbers, n  and l , in the new coordinate system are related to those in the 
original coordinate system by 
 cos sin ,    sin cosx n l y n l              (4.61) 
Recalling that phase velocity is normal to the wave crest, the wavenumber follows that 
n  , and 0l  . Eq. (4.61) becomes  
 cos ,    sinx y        (4.62) 
Substitution of Eq. (4.62) into the stiffness matrix of Eq. (4.56) yields 
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  (4.63) 
Eq. (4.63) can be rewritten as 
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Applying the standard FEM assembling procedure yields the global stiffness matrix, 
 , K , i.e., 
   21 2 3, i     K K K K  (4.66) 
where 
 
     
1 1 2 2 3 3
1 1 1
, ,
e e en n n
e e e
e e e  
  K k K k K k  (4.67) 
Substitution of Eq. (4.66) into Eq. (4.59) yields 
  2 23 2 1    K K K M U = Fi     (4.68) 
Eq. (4.68) is second order in  ; it can be cast into a form which is first order in   and 
double size, i.e., 
   A B Q P  (4.69) 
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U F0 KK M Ki
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  (4.70) 
For P 0 , Eq. (4.69) yields an eigenvalue problem, i.e., 
 AQ BQ  (4.71) 
If M  is the dimension of the original vector U , then the dimension of Q  is 2M . At each 
frequency   and each angle  , one obtains 2M  eigenvalues m , 1,2, ,2m M . Eq. 
(4.71) accepts 2M  left eigenvectors LVm  (1 2M  vector) and 2M  right eigenvectors 
R
Vm  




R R L L,        ,  1, 2, , 2  AV BV V A V B         m m m m m m m M    (4.72) 
The solution of Eq. (4.69) when P 0  can be obtained using normal mode expansion 
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 
  (4.74) 
According to Eq. (4.70), the nodal displacement U  ( 1M   vector) is the upper part of Q  
( 2 1M   vector). Let m  denote the upper part of 
R
Vm , i.e., 
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    (4.76) 
The displacement vector  , ,x y u  in the physical domain can be obtained from Eq. (4.76) 
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   (4.77) 
Changing the global coordinate from Cartesian (x, y, z) to cylindrical (r, ϕ, z) as shown in 
Figure 4.20, yields 
 cos ,    sinx r y r     (4.78) 
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   (4.79) 
The evaluation of the integral with respect to wavenumber   in Eq. (4.79) can be done by 
the residue theorem (Giurgiutiu 2014). The negative wavenumbers will be excluded from 
the integration contour because we are only concerned with the forward waves, which 
correspond to positive real wavenumbers. Applying residue theorem to Eq. (4.79) yields 
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   (4.80) 
The far-field approximation of integral in Eq. (4.80) is calculated using the stationary phase 
method (Bleistein and Handelsman 1975), as shown in Appendix B. The displacement 
 , ,r  u  calculated at a reasonably far distance from the wave source ( 1r h , h is the 
thickness of the plate) can be expressed as  
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=   (4.82) 
            - cos - 2 sinm m m m m m m mb               =   (4.83) 
4.3.2 COUPLING BETWEEN PWAS AND THE HOST STRUCTURE 
PWAS transducers are convenient enablers for generating and receiving guided 
waves in structures for SHM applications (Giurgiutiu 2014). Figure 4.21 (a) shows the 
interaction between the PWAS and the host structure. In this study, a circular PWAS 
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transducer is used as the guided-wave excitation source. The effect of the actuator on the 
substrate can be accurately represented by shear tractions along the edges of the transducer 
on the substrate’s surface. In the case of ideal bonding, the shear stress in the bonding layer 
is assumed to be concentrated at the ends and the pin-force model is utilized to represent 
the PWAS excitation.  
 
Figure 4.21: Interaction between the PWAS and the host structure: (a) micrograph picture 
of an actual PWAS installed on a 1-mm plate (Giurgiutiu 2014); (b) schematic model 
showing surface shear stress of ideal bonding. 
The forcing functions 
x  and y  expressed in the global coordinate are introduced 
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  (4.84) 
where 0  represents the traction amplitude,   denotes the Dirac delta function, and   is 
the energy velocity direction. Fourier transforms of the forcing functions can be calculated 
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where   is the azimuthal wavenumber, 1J  represents the Bessel function of the first kind, 
  is the phase velocity direction. 
To simulate the guided wave propagation due to the excitation by a surface-
mounted circular PWAS in composite plates, the component of P  in Eq. (4.81)should be 




























4.3.3 TIME DOMAIN SIMULATIONS 
Time-domain simulations are required for comparison with experimental 
measurements. A pitch-catch configuration between PWAS excitation and SLDV sensing 
is shown in Figure 4.22. The propagation takes place through guided waves that are 
generated at the PWAS through piezoelectric transduction and then picked up by SLDV. 
The hybrid PWAS-SLDV system is developed. 
 
Figure 4.22: A pitch-catch configuration between PWAS excitation at origin and SLDV 
sensing at (r, ϕ) as seen along the radial direction. 
, PWAS 
excitation at origin 
Guided waves from PWAS undergo dispersion 
according to structural transfer function 
, SLDV 





The predictive model can be constructed in the frequency domain using the 
following four steps: 
Step 1: Perform Fourier transform of the time-domain excitation signal  TV t , such 
as a tone-burst signal, to obtain the frequency-domain excitation spectrum  TV  . 
     T TV FFT V t    (4.87) 
Step 2: Calculate the frequency-domain structural transfer function  , ,G r    
from PWAS to SLDV in the propagation direction  . For SLDV measurements, the 
structural transfer function for the out-of-plane velocity at the top surface of the plate 
should be used. It can be calculated from the out-of-plane displacement expression in Eq. 
(4.81) by multiplying i  because of the time-harmonic term i te  . 
      , , , ,z z dG r i u r          (4.88) 
where d is the half plate thickness. 
Step 3: Multiply the structural transfer function by frequency-domain excitation 
signal  TV   to obtain the frequency-domain signal. 
      , , , ,R TV r V G r        (4.89) 
Step 4: Perform the inverse Fourier transform to obtain the time-domain guided 
wave signal at SLDV measurement point. 
     , , , ,R RV r t IFFT V r     (4.90) 
4.3.4 EXPERIMENTAL VALIDATIONS  
In this section, the experiments for SAFE validation are conducted. The comparison 
results are shown for guided wave propagation in metallic and composite plates. 
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4.3.4.1 Validation in an Aluminum Plate  
In this experiment, a 2.032-mm 2024-T3 aluminum plate was examined. Figure 
4.23 shows the experimental setup.  
The function generator was used to generate a three-count tone-burst excitation 
signal at the central frequency of 200 kHz, which was amplified to 50 Vpp by the power 
amplifier and applied to the PWAS. Guided waves generated by the PWAS propagated 
along the structure and were measured by a Polytec PSV-400 scanning laser Doppler 
vibrometer (SLDV). The quantity measured by the SLDV is the out-of-plane velocity of 
the top surface. The reflective tape was used to improve signal quality. An area scan of the 
bottom surface was carried out for the aluminum plate. The locations of the PWAS and 
special recording points are illustrated in Figure 4.23.  
 
Figure 4.23: Experimental setup of SLDV measurement. 
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Amplifier 





Figure 4.24: Comparison of 200 kHz wavefield in the 2.032-mm 2024-T3 aluminum plate: 
(a) SAFE prediction; (b) experiment. 
Figure 4.24 shows the comparison of the transient spatial wavefield between SAFE 
prediction and experimental SLDV measurement. It can be observed that SAFE predictions 
have good agreement with experimental measurements. A circular wavefront was 
generated by the PWAS, strong near the wave source, and weak at far field due to the 
outward propagation pattern. 
Figure 4.25 shows the waveform validation results at various sensing locations for 
the 200 kHz excitation. It can be observed that S0 and A0 waves are mixed at the near field 
from the PWAS (location #1), whereas they are separated at the far field (location #4). It 
can also be noted that SAFE predictions of the waveforms at all the four locations match 











Figure 4.25: Waveform comparison between SAFE predictions (solid line) and 
experiments (dotted line): 200 kHz signals at various sensing locations shown in Figure 
4.23. 
4.3.4.2 Validation in a Unidirectional Composite Plate  
In this experiment, the same 1.8-mm thick in-house unidirectional CFRP composite 
plate with a stacking sequence of [0]8 was examined.  
Location #4 (150,0) 
Location #3 (70,0) 
Location #1 (30,0) 
S0 and A0 modes 
mixed together 
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Figure 4.26: Experimental setup of the hybrid SLDV-PWAS measurements. 
To excite guided waves in the unidirectional composite plate, a circular PWAS 
(Steminc SM412, 9-mm-diameter disks, and 0.5-mm thick) was bonded on the top surface 
as the excitation source. A laser vibrometer (Polytec PSV-400-M2) was adopted to measure 
the out-of-plane velocity of the plate. Thus, a hybrid SLDV-PWAS system was established 
to measure guided wave propagation. Figure 4.26 shows the experimental setup of the 
hybrid SLDV-PWAS measurements. Under electrical excitation, the PWAS generate 
guided waves in the composite plate. The guided waves propagate with an out-spreading 
pattern, undergo dispersion, and are finally picked up by SLDV. 
Figure 4.27 shows the SLDV area-scan setup for the measurement of 2D guided 
wave propagation pattern in the composite plate. The excitation signal is a three-count 
tone-burst at the central frequency of 90 kHz.  
PWAS 
CFRP composite plate 











Figure 4.27: Experimental setup on the 1.8-mm thick unidirectional CFRP composite plate. 
To demonstrate the capability of our SAFE approach, the comparison between the 
experiment and SAFE prediction is presented in Figure 4.28. The wave propagation 
patterns of 90 kHz were plotted. A relatively good match between experimental and 
predicted wave pattern can be observed. It shows that SAFE prediction can depict the 
outward spreading wave propagation pattern with spatial dispersion. The elliptical wave 
propagation patterns match quite well. However, the difference appears in the 90° direction, 
where the wave amplitude is much more diminished due to material damping. The damping 
effect will be included in a later chapter using damping model for composites. 
 
Figure 4.28: Guided-wave propagation patterns in the unidirectional CFRP composite 
plate: (a) experiment; (b) SAFE prediction. 
PWAS 




90 kHz 90 kHz 
50 μs Fiber direction Fiber direction 
Experiment SAFE prediction 
Waves show strong amplitude in 90º direction  Waves undergo attenuation in 90º direction 
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Due to the anisotropic behavior of the composite plate, the elliptical wave 
propagation pattern can be observed and it is different from the isotropic case in Figure 
4.24, which is a circular wave propagation pattern. For the unidirectional composite plate, 
the material in the 90º direction is dominated by the polymeric matrix, which is softer, 
whereas the material behavior in the 0º direction is dominated by the fibers which are much 
stiffer. 
4.3.4.3 Validation in a Quasi-isotropic Composite Plate 
A quasi-isotropic CFRP composite plate used in the ref. (Yu and Tian 2016) was 
employed to simulate 2D guided wave propagation, the engineering elastic properties are 











132 4.03 4.03 0 0 0
4.03 9.96 3.47 0 0 0
4.03 3.47 9.96 0 0 0
0 0 0 2.9 0 0
0 0 0 0 4.8 0
0 0 0 0 0 4.8
C  (4.91) 
Table 4.4: Engineering elastic properties of the quasi-isotropic CFRP composite plate (Yu 
and Tian 2016). 



















Figure 4.29: Guided waves in the 2.54-mm thick [0/45/90/-45]s composite specimen: group 
velocity directivity curves at 120 kHz. 
The composite specimen used in this study is 2.54-mm quasi-isotropic composite 
plate with the layup of [0/45/90/-45]s. A 7-mm diameter and 0.5-mm thick circular PWAS 
was bonded on the center of the plate surface. The SLDV was used to visualize guided 
wave propagation in the quasi-isotropic CFRP composite plate. A Polytec PSV-400-M2 
system was used to measure the out-of-plane velocity of the scanning surface on the 
composite plate. The bottom surface was used as the scanning surface for SLDV 
measurements. The reflective tape was used to improve signal quality. An Agilent 33120A 
function generator was used to generate three-count tone-burst signals at the central 
frequency of 120 kHz. An HSA 4014 amplifier was used to amplify the excitation to 140 
Vpp. Under electrical excitation, the T-PWAS will generate guided waves in the composite 
plate. The guided waves propagate with an out-spreading pattern, undergo dispersion, 






Group-velocity dispersion curves of the composite plate are obtained using the 
proposed SAFE approach. Figure 4.29 shows the directivity plot of the group velocity at 
120 kHz. The wave curves represent the spatial wave propagation pattern. It can be 
observed that both S0 and A0 have the approximate circular wavefront due to the quasi-
isotropic assumption of the composite plate.  
 
Figure 4.30: Comparison of the wavefield between experimental results and SAFE 
predictions for the quasi-isotropic CFRP composite plate: (a) experimental results in ref. 
(Yu and Tian 2016); (b) SAFE predictions. 
The comparison of the wavefield between experimental results and predictions for 
the quasi-isotropic composite plate due to the excitation at 120 kHz is shown in Figure 
4.30. The wave propagation patterns of 120 kHz in the composite plate were plotted. A 
good match between the experiment and SAFE prediction can be observed. The wave 
propagation patterns match quite well. However, some small differences in the contour plot 
(wave amplitudes) due to the material damping can be observed. To improve the prediction, 
the damping effects on guided wave propagation will be included in a later chapter.
45 μs 





CHAPTER 5  
DAMPING EFFECTS ON PWAS TUNING IN METALLIC AND COMPOSITE 
STRUCTURES 
Piezoelectric wafer active sensors (PWAS) have been widely used for Lamb wave 
generation and acquisition. For selective preferential excitation of a certain Lamb wave 
mode and rejection of other modes, the PWAS size and the excitation frequency should be 
tuned. However, structural damping depends on the structure material and the excitation 
frequency and it will affect the amplitude response of PWAS excited Lamb waves in the 
structure, i.e., tuning curves. Its influence on the PWAS tuning reflects the effect of 
structural health monitoring (SHM) configuration considered in the excitation. Therefore, 
it is important to know the effect of structural damping on the tuning between PWAS and 
Lamb waves. In this chapter, the analytical tuning solution of undamped media is extended 
to damped materials using the Kelvin-Voigt damping model, in which a complex Young’s 
modulus is utilized to include the effect of structural damping, as an improvement over 
existing models. This extension is particularly relevant for the SHM applications on high-
loss materials, such as metallic materials with viscoelastic coatings and fiber reinforced 
polymer composites. The effects of structural damping on the PWAS tuning are 
successfully captured by the improved model, with experimental validations on an 
aluminum plate with adhesive films on both sides and a quasi-isotropic woven composite 




Piezoelectric wafer active sensors (PWAS) are convenient enablers for generating 
and receiving Lamb waves in structures for SHM applications (Giurgiutiu et al. 2002). 
Under electric excitation, PWAS undergo oscillatory contractions and expansions that are 
transferred to the structure through the bonding layer to excite Lamb waves in structures. 
In this process, several factors influence the behavior of the excited Lamb waves: the 
thickness of the bonding layer, the geometry of the PWAS, and thickness and material of 
the structure. The result of the influence of all these factors is the tuning between PWAS 
and Lamb waves (Giurgiutiu 2005). The tuning is especially beneficial when dealing with 
multimode waves, such as Lamb waves. The gist of the concept is that manipulation of the 
PWAS size and the excitation frequency allows for the selective preferential excitation of 
a certain Lamb-wave mode and the rejection of other modes, as needed by particular Lamb-
wave based SHM applications.  
The analytical model of PWAS generated Lamb waves and its tuning effect on 
isotropic metallic plates has been well investigated (Giurgiutiu 2005; Raghavan and Cesnik 
2005; Sohn and Lee 2009; Santoni-Bottai et al. 2007; Santoni-Bottai and Giurgiutiu 2012). 
Giurgiutiu (2005) first developed the theory of the interaction of a rectangular PWAS with 
one-dimensional (1D) propagation, i.e., straight crested Lamb waves, and presented a 
closed-form solution based on trigonometric functions. Raghavan and Cesnik (2005) 
extended tuning concepts to the case of a circular transducer coupled with two-dimensional 
(2D) propagation, i.e., circular crested Lamb waves, and proposed the corresponding 
tuning prediction formula based on Bessel functions. Sohn and Lee (2009) proposed a 
calibration technique to address the discrepancy between experimental and theoretical 
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tuning curves of Lamb waves by taking into account the bonding layer and the energy 
distribution between various modes. Santoni-Bottai et al. (2007) performed theoretical 
studies and experimental measurements of the Lamb-wave tuning and found that the 
capability to excite only one desired wave mode based on the tuning is crucial for the 
embedded ultrasonic structural radar. To improve the model of tuning, an exact shear-lag 
solution of Lamb-wave tuning with PWAS was derived from first principles using the 
normal mode expansion (NME) method (Santoni-Bottai and Giurgiutiu 2012). A similar 
tuning effect is also possible in anisotropic composite plates. However, the theoretical 
analysis is more complicated due to the anisotropic characteristics of the wave propagation 
in composite materials. Giurgiutiu and Santoni-Bottai (2011) derived the theoretical 
predictions of tuning using NME and the dispersion curves of Lamb waves in composite 
plates. These analytical developments of tuning facilitate the understanding of PWAS-
coupled Lamb waves for SHM applications. However, these solutions only apply to the 
tuning between PWAS and Lamb waves without considering the effect of structural 
damping. 
In composite materials, structural damping plays a major role that cannot be ignored. 
Gresil and Giurgiutiu (2015) performed PWAS tuning experiments on composite plates 
and found that higher frequency tuning seems virtually impossible because the Lamb 
waves strongly diminish above approximately 600 kHz for the quasi-S0 mode and 
approximately 200 kHz for the quasi-A0 mode. The structural damping depends on the 
structure material and the excitation frequency and it will affect the amplitude response of 
PWAS excited Lamb waves in structures, i.e., Lamb-wave tuning curves. Its influence on 
the tuning reflects the effect of SHM configuration considered in the excitation. Therefore, 
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it is important to have knowledge about the effect of structural damping on the tuning 
between PWAS and Lamb waves. 
To model structural damping, a damping coefficient is usually considered in a 
complex formulation of the material Young’s modulus, where the real part (storage 
modulus) corresponds to the elastic behavior and the imaginary part (loss modulus) 
corresponds to the dissipative behavior (Graesser and Wong 1992; Christensen 1982). This 
is known as the correspondence principle (Auld 1973). Several researchers have studied 
the damping models to predict the attenuation behavior of Lamb waves in composite plates, 
including hysteretic damping model (Neau 2003; Bartoli et al. 2006), Kelvin-Voigt 
damping model (Neau 2003; Bartoli et al. 2006; Shen and Cesnik 2016), and Rayleigh 
damping model (Ramadas et al. 2011; Cresil and Giurgiutiu 2015). 
The present study extends the analytical solutions of tuning to damped materials 
using the Kelvin-Voigt damping model, in which a complex Young’s modulus is utilized 
to include the effect of structural damping.  
5.2 IMPROVED PWAS TUNING WITH DAMPING 
5.2.1 LAMB-WAVE TUNING WITH PWAS TRANSDUCERS WITHOUT DAMPING 
The analytical model of PWAS-generated Lamb waves and its tuning effect in 
undamped isotropic plates has been well understood. In this section, straight and circular 
crested Lamb-wave tuning without damping were discussed. 
5.2.1.1 Straight crested Lamb-wave tuning without damping 
The straight crested Lamb-wave tuning without damping was solved by applying 
the Fourier transform and the symmetric and antisymmetric boundary conditions 
(Giurgiutiu 2005). In the case of ideal bonding, the shear stress in the bonding layer is 
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concentrated at the ends and the pin-force model is used. The closed-form is given by Eq. 
(108) of (Giurgiutiu 2014), page 595, which gives the in-plane wave strain at the plate 
surface as 
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where a is half the length of the PWAS size, d is the half thickness of the plate, pc  and sc  
are the longitudinal (pressure) and transverse (shear) wave speeds, λ and μ are Lamé 
constants of the structure material, E, ν, and ρ are Young’s modulus, Poisson’s ratio, and 
material density of the structure, respectively. The terms sin( )
S
j a  and sin( )
A
j a  control 
the tuning between the PWAS and Lamb waves. Superscripts or subscripts S and A signify 
the symmetric and antisymmetric Lamb wave modes, respectively. The expressions SD  and 
AD  are derivatives of SD  and AD  with respect to   evaluated at the corresponding 
S
and 
A  poles. The wavenumber ξ of a specific Lamb wave mode at a given angular 





















where +1 exponent corresponds to symmetric Lamb wave modes and -1 exponent 
corresponds to antisymmetric Lamb wave modes. 
The expressions in Eq. (5.1) can also be used for less-than-ideal bonding conditions 
in which the shear stress   varies with x as ( )x  by replacing a  and a with their effective 
values e  and ea . At low frequencies, only two propagating Lamb-wave modes exist, S0 
and A0, and general solutions of Eq. (5.1) has only two terms, i.e.,  
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5.2.1.2 Circular crested Lamb-wave tuning without damping 
The circular crested Lamb-wave tuning without damping was derived based on 
Bessel functions. In the case of ideal bonding of a circular PWAS transducer that expands 
and contracts radially, the shear stress in the bonding layer is concentrated on the PWAS 
outer contour in the form of radially acting horizontal tractions. The closed-form of the in-
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where a is the radius of the circular PWAS transducer and r is the distance between the 
point of interest and the transmitter PWAS. a  represents shear stress between the 
transducer and the host structure. λ and μ are Lamé constants of the structure material. 1J  
is the Bessel function of order one, which captures the tuning effect between PWAS and 
the host structure. 
 1
1H  and 
 1
0H  are the first kind Hankel function of order one and zero, 
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respectively, which represent an outward propagating 2D wave field.   is the frequency-
dependent wavenumber calculated from the Rayleigh-Lamb equation in Eq. (5.2).  
The expressions in Eq. (5.4) can also be used for less-than-ideal bonding conditions, 
in which the shear stress   varies with r as ( )r  by replacing a  and a with their effective 
values e  and ea . At low frequencies, only two propagating Lamb-wave modes exist, S0 
and A0, and the solutions of Eq. (5.4) has only two terms, i.e.,  
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5.2.2 DAMPING EFFECTS ON LAMB-WAVE TUNING WITH PWAS TRANSDUCERS 
This section discussed damping effects on Lamb-wave tuning with PWAS 
transducers. Structural damping depends on the structure material the excitation frequency 
and it will affect the amplitude response of PWAS-excited Lamb waves in structures, i.e., 
tuning curves. Its effect on the Lamb-wave tuning with PWAS transducers reflects the 
influence of the SHM configuration considered in the excitation. Hence, it is important to 
have an understanding of the effect of structural damping. 
5.2.2.1 Damping models for Lamb wave propagation 
There are two commonly used models: Maxwell damping model, where a spring is 
in series with a dashpot, and Kelvin-Voigt damping model, where a spring is in parallel 
with a dashpot (Graesser and Wong 1992). In this study, the Kelvin-Voigt damping model 
based on the frequency-dependent damping coefficient, which is more applicable to the 
frequency-dependent attenuation of Lamb waves (Sreekumar et al. 2015), is adopted to 




Figure 5.1: The Kelvin-Voigt damping model. 
The Kelvin-Voigt damping model is presented in Figure 5.1, in which the stress acting on 
the body is assumed to be proportional to the strain and its time derivative (the strain rate). 
 E     (5.6) 
For wave propagation, the time-dependent behavior of stress and strain are assumed to be 
harmonic 
i te  , given by the expressions  
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where,   is the wavenumber and   is the angular frequency. Substituting Eq. (5.7) into 
Eq. (5.6) yields  
   *0 0 0E i E       (5.8) 
where, 
*E  is referred to the complex Young’s modulus. 
 *E E i   (5.9) 
Define the storage modulus, E , corresponding to the elastic behavior and the loss 
modulus , E , corresponding to the dissipative behavior as: 
 ;E E E     (5.10) 
Substitution of Eq. (5.10) into Eq. (5.9) yields: 
 
*E E iE    (5.11) 
The damping coefficient η can be introduced as:  







Hence, the complex Young’s modulus of Eq. (5.11) can be rewritten as:  
  * 1E E i   (5.13) 
From the derivation of the complex Young’s modulus for the Kelvin-Voigt damping model, 
it can be found that the damping coefficient η is linearly dependent on frequency. In the 
literature (Castaings and Hosten 2000; Neau 2003), the reference damping coefficient η0 
was measured at a reference frequency f0 corresponding to the frequency of the transducer 
used in conventional ultrasonic interferometry. In our study, the reference frequency f0 is 
initially chosen at the upper limit of the frequency range ( initial0 2 MHzf  ) and the 
damping coefficient η0 is initially taken as 5% (
initial
0 5%  ). Then, the reference 
frequency f0 and the damping coefficient η0 are modified by repeated updating of the model 
to achieve an acceptable match with experimental tuning cures. Finally, the complex 
Young’s modulus E  at a generic frequency, f, can be obtained by scaling the damping 











The Kelvin-Voigt damping model results in a small attenuation below f0, and a larger 
attenuation above f0. The complex Young’s modulus in Eq. (5.14) can be substituted in Eq. 
(5.3) and Eq. (5.5) to modify the analytical solutions of tuning by introducing the effect of 
structural damping.  
5.2.2.2 1D tuning of straight crested Lamb waves with damping 
In this study, we focus our attention on fundamental Lamb-wave modes (S0 and 
A0), which find the widest application in Lamb-wave based SHM applications. However, 
higher modes (S1, A1, S2, A2, etc.) in the practical application may also exist. The 
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analytical framework can be easily extended to consider these modes under the same 
principle. Eq. (5.3) has been coded into MATLAB, which provides the tuning curves of 
the structures for a given PWAS length, material properties, material thickness, and 
frequency range.  
 
Figure 5.2: 1D tuning curves without damping (η0 = 0, 9-mm PWAS, 1.016-mm 2024-T3 
aluminum alloy plate, straight crested Lamb waves). 
A quantitative study of the damping effect on Lamb-wave tuning using three 
various damping coefficients η0 (0, 1%, and 10%) was conducted. In the simulation, the 
reference frequency f0 is fixed to 2 MHz, which is the upper limit of the frequency range. 
First, 1D tuning curves without damping (η0 = 0) of a 9-mm PWAS and a 1.016-mm 2024-
T3 aluminum alloy plate are shown in Figure 5.2. It can be noted that the normalized strain 
curves follow the general pattern of a sine function. In addition, the high-frequency 
response has a relatively large amplitude, compared with the amplitude at low frequencies. 





including damping effect, the Kelvin-Voigt damping model is utilized to investigate 
damping effects using the complex Young’s modulus with various damping coefficients.  
 
Figure 5.3: 1D tuning curves with small damping (η0 = 1%, f0 = 2 MHz, 9-mm PWAS, 
1.016-mm 2024-T3 aluminum plate, straight crested Lamb waves). 
Figure 5.3 presents 1D tuning curves with small damping (η0 = 1%) using the 
Kelvin-Voigt damping model. It can be noticed that the amplitudes at higher frequencies 
are relatively diminished by introducing the structural damping, whereas the low-
frequency response almost remains the same, which is in agreement with theoretical 
predictions of the Kelvin-Voigt damping model. To investigate the larger damping effect, 
the damping coefficient is increased from 1% to 10%. The corresponding 1D tuning curves 
with large damping (η0 = 10%) are shown in Figure 5.4. It should be noted that the 
amplitudes at higher frequencies are significantly reduced compared with the results of 
small damping. At the same time, the low-frequency response still has a large amplitude. 
It can be concluded that the structural damping can considerably modify 1D tuning curves 
at higher frequencies, and the damping model can capture the effect of structural damping. 






Figure 5.4: 1D tuning curves with large damping (η0 = 10%, f0 = 2 MHz, 9-mm PWAS, 
1.016-mm 2024-T3 aluminum plate, straight crested Lamb waves). 
5.2.2.3 2D tuning of circular crested Lamb waves with damping 
In this section, fundamental Lamb-wave modes (S0 and A0) of the circular PWAS 
were employed to investigate 2D tuning of circular crested Lamb waves with damping. Eq. 
(5.5) has been coded into MATLAB, which provides the tuning curves of the structures for 
a given PWAS length, material properties, material thickness, and frequency range.  
First, 2D tuning curves without damping of a 9-mm-diameter circular PWAS and a 
1.016-mm 2024-T3 aluminum alloy plate are presented in Figure 5.5. It can be noted that 
the normalized strain curves follow a similar pattern in 1D case, the amplitudes at higher 
frequencies do not reduce significantly, which is not true for the materials with damping.  






Figure 5.5: 2D tuning curves without damping (η0 = 0, 9-mm-diameter circular PWAS, 
1.016-mm 2024-T3 aluminum plate, circular crested Lamb waves). 
To investigate the damping effect, the Kelvin-Voigt damping model is utilized to 
calculate the 2D tuning curves of damped materials using different damping coefficients. 
Figure 5.6 presents 2D tuning curves with small damping (η0 = 1%) of a 9-mm-diameter 
circular PWAS and a 1.016-mm 2024-T3 aluminum alloy plate. It should be noticed that 
the high-frequency response is reduced, to some extent, by the structural damping, whereas 
the amplitude at lower frequencies almost remains the same. Similarly, the damping 
coefficient is increased from 1% to 10% to study the larger damping effect on Lamb-wave 
tuning. The corresponding 2D tuning curves with large damping (η0 = 10%) are shown in 
Figure 5.7. It can be observed that the response at higher frequencies is strongly reduced 
compared with the results of small damping. It can be concluded that the structural damping 
can modify significantly the amplitudes at higher frequencies, and its effect on 2D tuning 






Figure 5.6: 2D tuning curves with small damping (η0 = 1%, f0 = 2 MHz, 9-mm-diameter 
circular PWAS, 1.016-mm aluminum plate). 
 
Figure 5.7: 2D tuning curves with large damping (η0 = 10%, f0 = 2 MHz, 9-mm-diameter 
circular PWAS, 1.016-mm aluminum plate). 
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5.3 VALIDATIONS OF PWAS TUNING WITH STRUCTURAL DAMPING 
In this section, we present and discuss experimental results used to validate the 
numerical predictions. The study will demonstrate that the Kelvin-Voigt damping model is 
capable of capturing the effect of structural damping on Lamb-wave tuning with PWAS 
transducers for metallic plates and composite plates by comparing with experiments. 
5.3.1 DAMPING EFFECTS ON PWAS TUNING FOR ALUMINUM PLATES 
To investigate damping effects on Lamb-wave tuning for metallic plates, pitch-
catch Lamb-wave experiments on an aluminum plate were performed, as shown in Figure 
5.8. The specimen is a 2024-T3 aluminum alloy plate with corrosion-resistant coatings and 
adhesive films on both sides. Figure 5.8 (a) presents the thin polyvinyl chloride (PVC) film, 
which is utilized to protect the plate surface by the manufacturer. In this experiment, it 
plays as a viscoelastic material to increase the structural damping of the plate.  
 
 
Figure 5.8: Experimental setup on 2024-T3 aluminum plate with PVC adhesive films: (a) 
PVC adhesive films on both sides; (b) PWAS on the front side.  
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The plate dimension is 600×600×1.016 mm3. Two 9-mm-diameter circular PWAS 
transducers (Steminc SM412, 9-mm-diameter, and 0.5 mm thick) were installed on the 
front side of the plate to perform Lamb-wave tuning analysis, as shown in Figure 5.8 (b). 
The experimental acquisition was performed between the transmitter PWAS (T-PWAS) 
and the receiver PWAS (R-PWAS). The frequency range from 10 kHz to 2000 kHz in steps 
of 10 kHz was explored. The distance between T-PWAS and R-PWAS is 100 mm. An HP 
33120A function generator was used to generate three-count tone burst excitation signals 
to the T-PWAS. A Tektronix TDS 5034B digital oscilloscope, synchronized with the 
function generator, was used to collect the response signals from the R-PWAS. At each 
frequency, the wave amplitudes of A0 and S0 modes were extracted using the Hilbert 
transform to generate the experimental tuning curves. 
Figure 5.9 presents the experimental Lamb-wave tuning curves of A0 and S0 modes 
in the aluminum plate with PVC adhesive films. It can be observed that the first maximum 
of the A0 mode happened at around 100 kHz, at which the amplitude of S0 mode is very 
small. The first minimum of the A0 mode was found around 240 kHz. At this frequency, 
the S0 mode amplitude is nonzero and placed on an increasing curve. Thus, the S0 signal 
is dominant. It should be noticed that the S0 maximum happened at 330 kHz, which is the 
same frequency as that of the second A0 maximum. Moreover, it can be noted that the 
structural damping can considerably reduce the wave amplitudes at higher frequencies 




Figure 5.9: Experimental Lamb-wave tuning curves with damping (9-mm-diameter 
circular PWAS, 1.016-mm aluminum plate with PVC adhesive films). 
During the experiment, it was noted that the best agreement between experiment 
and prediction was achieved using the effective PWAS length, a theoretical PWAS length 
smaller than that of the real PWAS transducer (Santoni-Bottai et al. 2007; Sohn and Lee 
2009). In the development of the theory, it is assumed that there is an ideal bonding between 
the PWAS and the host structure. This assumption means that the stresses between the 
PWAS transducers and the plate are fully transferred at the PWAS ends. In reality, the 
stresses are transferred at a region adjacent to the PWAS ends (Santoni-Bottai and 
Giurgiutiu 2012). Therefore, the effective PWAS length of 8.4 mm for the 9-mm-diameter 
circular PWAS transducer is used in the improved analytical model of tuning to achieve a 
good agreement between experiment and prediction. 
S0 
A0 
Amplitudes at higher frequencies are 




(a)      (b) 
Figure 5.10: Comparison between experimental and theoretical 2D tuning curves: (a) A0 
mode; (b) S0 mode (η0 = 8%, f0 =1.5 MHz, 9-mm-diameter circular PWAS, 1.016-mm 
2024-T3 aluminum plate, circular crested Lamb waves). 
To predict theoretical 2D tuning curves with damping and compare it with 
experimental results, the improved analytical model of tuning using the Kelvin-Voigt 
damping model was utilized. First, the reference frequency f0 was initially chosen at the 
upper limit of the frequency range ( initial0 2 MHzf  ) and the damping coefficient η0 was 
initially taken as 5% ( initial0 5%  ). Next, the reference frequency f0 and the damping 
coefficient η0 were adjusted by repeated updating of the model to achieve an acceptable 
match with experimental tuning cures. Eventually, we found that the most appropriate 
values for the damping coefficient η0 the reference frequency f0 are is 8% and 1.5 MHz, 
respectively.  
The comparisons between experimental and analytical 2D tuning curves of A0 and 
S0 modes are presented in Figure 5.10. Theoretical predictions with damping of the two 
modes agree well with experimental measurements. However, a difference at the frequency 
A0 mode 
S0 mode Peak shift 
Amplitude diminishing  
at higher frequencies 
Amplitude diminishing  
at higher frequencies 
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range from 350 kHz to 1000 kHz for A0 mode can be observed. The error may be attributed 
to the effect of the bonding layer. As shown in Figure 5.10, both experimental and 
theoretical results demonstrate that the damping introduced by PVC adhesive films can 
considerably modify the tuning curves, both through peak shifts and through drastic 
diminishing of the amplitude at higher frequencies. 
5.3.2 DAMPING EFFECTS ON PWAS TUNING FOR COMPOSITE PLATES 
In the case of viscoelastic fiber reinforced polymer composites, one of the main 
complexities involved in the use of Lamb waves is the attenuation caused by structural 
damping. This is essentially due to viscoelastic properties of the fiber and matrix 
constituents (Treviso et al. 2015; Asamene et al. 2015). In this section, damping effects on 
Lamb-wave tuning for composite plates were investigated. 
The pitch-catch Lamb-wave experiments between T-PWAS and R-PWAS on a 
woven composite plate were conducted to investigate the damping effect on Lamb-wave 
tuning. The specimen under investigation is a woven carbon fiber reinforced polymer 
composite plate. The plate dimension is 350×350×2 mm3 and the layup is [0°, 45°, 45°, 
0°]s.  
A large number of PWAS transducers (Steminc SM412, 9-mm-diameter, and 0.5 
mm thick) were installed on the top surface of the plate, as shown in Figure 5.11. Three-
count tone burst excitation signals were applied to the T-PWAS. The frequency range from 
10 kHz to 2000 kHz in steps of 10 kHz was explored. The response signals were collected 
from the R-PWAS 1, 2, and 3 in the 0º direction and R-PWAS 4 in the 45º direction. The 
distances between T-PWAS and R-PWAS 1, 4 are 100 mm. The interval of the R-PWAS 
1, 2, and 3 is 20 mm. Since Lamb waves have a much stronger attenuation in composite 
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plates, a power amplifier (NF Corporation HSA4014) was used to amplify the excitation 
signal to 140 Volt peak-to-peak. At each frequency, the wave amplitudes of A0 and S0 
modes were extracted using the Hilbert transform to generate the experimental tuning 
curves.  
 
Figure 5.11: Experimental setup on the composite plate from (Gresil and Giurgiutiu 2015). 
Experimental Lamb-wave tuning curves of A0 and S0 modes at 100 mm in the 0º 
direction are shown in Figure 5.12. A similar pattern can be observed from the 2D tuning 
curves, where the first maximum of the A0 mode happened at around 80 kHz, at which the 
amplitude of S0 mode is very small. The first minimum of the A0 mode was found around 
210 kHz. At this frequency, the S0 mode amplitude placed on an increasing curve, which 
means that the S0 signal is dominant. It should be noticed that the S0 maximum happened 
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to 2000 kHz) were reduced significantly due to the structural damping of the woven 
composite plate.  
 
Figure 5.12: Experimental tuning curves with damping at 100 mm in the 0º direction (9-
mm-diameter circular PWAS, 2-mm woven composite plate). 
To capture the effect of structural damping, the improved analytical model of 2D 
tuning was used to predict the theoretical tuning curves. Based on the assumption of quasi-
isotropic material for this woven composite plate, the theoretical tuning curves can be 
calculated using the effective Young’s modulus and Poisson’s ratio from (Gresil and 
Giurgiutiu, 2015). This is because the woven composite with the layup is quasi-isotropic, 
which possesses the same material properties in all the directions. Gresil and Giurgiutiu 
(2015) performed pitch-catch experiments to measure group-velocity curves in different 
propagation directions (0º, 30º, 45º, 60º, and 90º) on the woven composite plate and found 
that the quantities were the same in all the directions. 
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Figure 5.13: Comparison between tuning curves in the 0º and 45º directions (9-mm-
diameter circular PWAS, 2-mm woven composite plate). 
To validate the quasi-isotropic assumption of the woven composite plate, 
experimental 2D tuning curves obtained from R-PWAS 4 in the 45º direction were 
compared with the results in the 0º direction, as shown in Figure 5.13. It can be found that 
the tuning curves in the two various directions are almost the same. It means that the 
specimen considered is a quasi-isotropic plate, which possesses the same material 
properties in all the directions. 
To determine the reference frequency f0 and the damping coefficient η0 of the 
Kelvin-Voigt damping model, the same procedure used in section 5.3.1 was employed. 
Eventually, we found that the most appropriate values for the damping coefficient η0 and 









(a)      (b) 
Figure 5.14: Comparison between experimental and theoretical 2D Lamb-wave tuning 
curves: (a) A0 mode; (b) S0 mode (η0 = 12%, f0 =1.5 MHz, 9-mm-diameter circular PWAS, 
2-mm woven composite plate, circular crested Lamb waves). 
The comparisons between experimental and theoretical 2D Lamb-wave tuning 
curves of A0 and S0 modes are shown in Figure 5.14. A good match between experimental 
measurements and theoretical predictions with damping was achieved. It should be noted 
that the theory also predicts that the S0 maximum would happen at 300 kHz, A0 maximum 
would happen at 80 kHz, and the rejection of the A0 would occur at 210 kHz; these 
predictions were validated by the experiments. On the other hand, it can be observed that 
the damping coefficient of the woven composite plate (η0 = 12%) is larger than that of the 
aluminum plate (η0 = 8%), which means that the woven composite plate has a much 
stronger damping effect. It can be concluded that both experiment and prediction 
demonstrate that the structural damping of the woven composite plate can significantly 
change the tuning curves, both through peak shifts and through drastic diminishing of the 
amplitude at higher frequencies. 
A0 mode S0 mode 
Peak shift 
Amplitude diminishing  
at higher frequencies 
Amplitude diminishing  
at higher frequencies 
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CHAPTER 6  
GUIDED WAVE PROPAGATION IN DAMPED COMPOSITES 
Guided-wave attenuation in composites due to material damping is strong, 
anisotropic, and cannot be neglected. The material damping is a critical parameter in the 
selection of a particular wave mode for long-range structural health monitoring (SHM) in 
composites. In this chapter, the Kelvin-Voigt damping model using a complex frequency-
dependent stiffness matrix is utilized to account for anisotropic damping effects of 
composites. Thus, the existing semi-analytical finite element (SAFE) approach proposed 
in chapter 5 is being extended to include material damping effect. Theoretical predictions 
are experimentally validated using scanning laser Doppler vibrometer (SLDV) 
measurements of guided wave propagation generated by a circular piezoelectric wafer 
active sensors (PWAS) transducer in a unidirectional carbon fiber reinforced polymer 
(CFRP) composite plate. 
6.1 INTRODUCTION 
In the case of fiber reinforced polymers (FRP) composites, one of the main 
complexities encountered in modeling the guided-wave propagation is the anisotropic 
damping effect. The guided-wave damping attenuation is essentially due to viscoelastic 
properties of the fiber and matrix constituents (Treviso et al. 2015). This attenuation is a 
critical parameter in mode selection for long-range SHM of laminated composites. 
However, attenuation due to material damping is often neglected in guided wave 
propagation analysis because of modeling complexities. In order to investigate the guided-
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wave attenuation, numerous studies on the measurement of damping attenuation in 
structural materials have been conducted (Sreekumar et al. 2015; Asamene et al. 2015). 
These studies indicate that attenuation due to material damping has a significant effect on 
the amplitude response of guided waves propagating in composite plates. If the material 
damping effect is incorporated in the predictive model, then SHM techniques based on 
amplitude change can be understood better and implemented more effectively. For this 
reason, the predictive modeling of guided wave excitation and propagation in damped 
composite plates is a critical issue and needs to be developed in coordination with 
experimental validations.  
Several researchers have studied damping models to describe the anisotropic 
damping effect of composites, including hysteretic damping model (Mora et al. 2016), 
Rayleigh damping model (Ramadas et al. 2011; Gresil and Giurgiutiu 2015), and Kelvin-
Voigt damping model (Shen and Cesnik 2016). Gresil and Giurgiutiu (2015) developed a 
predictive model for studying the attenuated guided wave propagation in a woven carbon 
fiber reinforced polymer (CFRP) composite plate using Rayleigh damping. Shen and 
Cesnik (2016) extended LISA to model the anisotropic damping effects on guided wave 
propagation in composite plates by adopting Kelvin-Voigt damping model. All these 
research studies indicate that damping models have the capability to capture anisotropic 
damping effects in composites. 
In our proposed method, which is an improvement over the existing SAFE approach, 
the Kelvin-Voigt damping model using a complex frequency-dependent stiffness matrix is 
utilized to account for anisotropic damping effects of composites. To validate the proposed 
method, experimental damping attenuation is measured through scanning laser Doppler 
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vibrometer (SLDV) line scans in different propagation directions. Then, the damping 
attenuation is incorporated in the predictive model using loss coefficient matrix that is 
obtained through an iterative updating to achieve an acceptable match with the measured 
damping attenuation. Finally, the improved predictions with anisotropic damping effect are 
experimentally validated using SLDV measurements of guided wave propagation in a 
unidirectional CFRP composite plate excited by a circular PWAS transducer. It shows that 
the proposed method achieves good agreements with experimental results.  
6.2 ATTENUATION MECHANISMS OF GUIDED WAVES 
Attenuation of guided waves traveling in composites is an important topic because 
it determines how far the guided waves may travel. Guided-wave attenuation may be due 
to many different effects and mechanisms. In Pollock (1986), the four most important 
attenuation mechanisms are summarized as follows: 
1 Geometric spreading  
2 Material damping 
3 Attenuation due to wave dispersion 
4 Dissipation of the wave into adjacent media 
The geometric spreading of the wave propagation field is based on the fact that a 
circular wave front spreads out as it propagates outwardly from 1r  to 2r . The wave energy 
contained in the wavefront is distributed over a large radius 2 1r r  and the wave amplitude 
decreases from A1 to A2. In a plate, the wave amplitude decreases inversely with the square 






          (geometric spreading attenuation) (6.1) 
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The material damping of composites is influenced by the fibers and matrix constitutes, as 
well as microstructural processes in the material. This attenuation mechanism, due to 
material damping, is usually approximated by an exponential decay function, i.e., 
 





         (material damping attenuation) (6.2) 
where 
Im  is the damping attenuation coefficient. Attenuation due to material damping 
leads to a stronger decay of the wave amplitude in composites than that in metallic 
materials. Therefore, it is a crucial parameter in the simulation of guided wave propagation 
in composites (Shen and Cesnik 2016). 
The attenuation due to wave dispersion is a result of frequency-dependent wave 
velocities. As a particular wave is composed of different frequency components, these 
components spread in time, thus attenuating the amplitude of the wave packet. The 
dissipation into adjacent media is nonexistent, in our application, because the adjacent 
media is air.  
When guided waves propagate in damped composite plates, the wavenumber   of each 
mode becomes complex, as described below: 
    Re Imi  (6.3) 
where Re  and  Im  are real and imaginary part of the wavenumber, respectively.  Im  is 
damping attenuation coefficient given in Eq. (6.2), the unit is Nepers per meter (Np/m). 
For a particular guided wave mode of interest propagating in composite plates, the wave 




i r i tA
A r t e
r
 
 0  (6.4) 




      Re Im ReIm
( , )
i i r i t i r i ti r i t rA A AA r t e e e e
r r r
           0 0 0  (6.5) 







 0  (6.6) 
Comparing Eq. (6.6) to Eqs. (6.1), (6.2) reveals that  Im  is responsible for the material 
damping attenuation of guided waves whereas 1 r  is responsible for geometric 
spreading attenuation. It can be noted that the amplitude consists of the geometric 
spreading r1  and the material damping 
Imre  . Because the wavenumber c   is a 
function of frequency ω, and since 
Re Imi    , it follows that the damping attenuation 
coefficient 
Im  is a function of frequency ω. Hence, the material damping 
Imre   depends 
on both the distance r and the frequency ω.  
6.3 METHODS FOR MEASURING THE DAMPING ATTENUATION 
The experimental measurement is one of the convenient and effective ways to 
obtain the damping attenuation coefficient  Im . It can be determined from multiple 
measurements at different distances from the source. Using the magnitude of the signal 
received versus the distance, we propose to curve fit these values using geometric 
spreading r1  and material damping 
Imre   in Eq. (6.6). Then, a representative value of 




Figure 6.1: Experimental measurements of damping attenuation: (a) experimental received 
signal at different distances at 300 kHz for S0 mode; (b) curve fitting of the peak-to-peak 
magnitude versus the distance (Gresil and Giurgiutiu 2015). 
Gresil and Giurgiutiu (2015) measured experimentally the damping attenuation 
through curve fitting on a woven CFRP plate. The plate dimension is 350×350×2 mm3. 
The plate plies have the orientation [0º, 45º, 45º, 0º, 0º, 45º, 45º, 0º]. A large number of 
PWAS disks (Steminc SM412, 9-mm-diameter disks, and 0.5 mm thick) were used for 
wave propagation analysis. A 20 V peak-to-peak three count tone-burst exciting signal at 
the frequency of 300 kHz was used. Figure 6.1 (a) shows the experimental received signal 
at different distances from the source. The magnitude of the received signal versus the 
distance is presented in Figure 6.1 (b). The fitted curve of the geometry spreading, that is, 
1 r , and the other due to material damping, that is, 
Imre  , fit very well the experimental 
data when the damping attenuation coefficient, Im , is equal to 15. 
6.4 DAMPING MODELS FOR COMPOSITE MATERIALS 
In the theoretical SAFE formulation, the stiffness matrix may be real or complex. 
For composite materials, damping attenuation of guided waves is caused by the viscoelastic 
nature of the polymeric matrix and wave scattering from the fibers and matrix 
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inhomogeneities. Damping can be modeled by assuming a complex frequency-dependent 
stiffness matrix (Bartoli et al. 2006). This section reviews the linear viscoelastic models 
that may be used in SAFE approach. Linear viscoelasticity can be modeled by allowing 
complex components in the material stiffness matrix, i.e.,  
    iC C C  (6.7) 
where C  is the storage matrix corresponding to the elastic behavior and C  is the loss 
matrix corresponding to the dissipative behavior. Two damping models, hysteretic and 
Kelvin-Voigt, which are well established in ultrasonic NDE, are considered in this study. 
In the hysteretic damping model, the loss matrix is independent of frequency i.e., 
 pq pq pqC C , where  0 1pq  is the loss coefficient. Eq. (6.7) can be written as 
            1 , , 1, ,6pq pq pqC i C p q                 (hysteretic damping model) (6.8) 
However, in the Kelvin-Voigt damping model, the loss matrix is frequency-dependent. If 
a reference frequency f0 is specified, then the loss matrix at a generic frequency, f, can be 
scaled as   0pq pq pqC f C f  and Eq. (6.7) becomes 
       
 
   
 0
1 , , 1, ,6pq pq pq
f
C i C p q
f
    (Kelvin-Voigt damping model) (6.9) 
It is apparent that, at the reference frequency f0, both models predict the same damping 
attenuation.  
In the case of unidirectional composites, the loss coefficient matrix   contains only 
diagonal terms and the damping effects in different directions are decoupled when the 
lamina orientation coincides with the global coordinates or with the loading axis 
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(Saravanos and Chamis 1989). Hence, the loss coefficient matrix   for unidirectional 
























0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
       (unidirectional composites) (6.10) 
In general, 11 22 33     (related to dilatational/extensional damping) and 44 55 66     
related to distortional/shear damping) (Shen and Cesnik 2016). 
6.4.1 VERIFICATION OF DAMPING MODELS USING LITERATURE DATA 
To verify the damping models, a CFRP composite plate studied by Neau (2003) is 
examined and the corresponding comparisons are made with original results obtained from 
an analytical model by Neau (2003). The specimen is a 3.6-mm thick plate and the material 
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The hysteretic damping model investigated in reference is utilized to calculate 
damping attenuation coefficients.  
 
Figure 6.2: Verification of damping attenuation for symmetric modes (S0 and SH0) in the 
carbon-epoxy plate: (a) ref. (Neau 2003); (b) SAFE predictions.  
 
Figure 6.3: Verification of damping attenuation for anti-symmetric mode (A0) in the 





















The comparisons between Neau’s results and our SAFE predictions for the damping 
attenuation of S0, SH0, and A0 modes are shown in Figure 6.2 and Figure 6.3, respectively. 
Our predictions are in very good agreement with reference. These polar plots represent the 
damping attenuation as a function of the phase-velocity direction θ. It can be noted that the 
material damping effect in the composite plate is anisotropic. 
6.4.2 EFFECT OF DAMPING MODELS ON GUIDED WAVE MODES  
In this section, the effect of damping models on various wave modes is investigated. 
The hysteretic and Kelvin-Voigt damping models are utilized to predict the damping 
attenuation of the composite plate used in section 6.4.1. Figure 6.4 shows the predicted 
damping attenuation of hysteretic model and Kelvin-Voigt model as a function of 
frequency. It can be observed that the attenuation of SH0 and A0 modes increase with 
frequency in this frequency range, while S0 mode first increases then decreases.  
 
Figure 6.4: Comparison of damping attenuation between hysteretic damping model and 








In former studies using conventional ultrasonic interferometry (Neau 2003), the 
reference frequency f0 was selected to be the frequency of the resonant transducer. In our 
study, which is more general and does not assume a resonant transducer, the reference 
frequency f0 was set to the middle of the frequency range under consideration (i.e., 250 
kHz in our case). It can be clearly noted that both models are coincident at the reference 
frequency 0 250 kHzf   and away from this frequency, the difference between the models 
becomes increasingly significant, with Kelvin–Voigt damping model resulting in a smaller 
attenuation than hysteretic damping model below f0, and in a larger attenuation above f0. 
6.5 DISPERSION CURVES IN DAMPED MEDIA 
6.5.1 ENERGY VELOCITY CALCULATION 
According to the definition of group velocity, it is not valid in damped waveguides 
since the wavenumber becomes complex and the differentiation gc      is no longer 
possible. In this case, the energy velocity ec  defined in terms of the Poynting vector is the 
appropriate property of the damped media (Bernard et al. 2001). Energy velocity is critical 
in guided wave applications because the velocities measured by transducers are energy 
velocities. The energy velocity of a guided wave mode in a plate waveguide can be 
calculated based on the power flow in the wave vector direction and the energy density of 
the wave field as reported in (Bartoli et al. 2006). The expression used in the SAFE model 











where x  is the unit vector along the wave propagation direction, TE  is the total energy 
density of kinetic and elastic, and P  represents the time-averaged Poynting vector (real 
part only). It can be calculated by post-processing the solutions of SAFE model as 
  *1 Re
2
 P σu  (6.14) 
where σ  is the classical 3×3 stress tensor, and *u  is the complex conjugate of the particle 
velocity vector. The denominator in Eq. (6.13) can be evaluated by introducing the 
expressions of the time-averaged energy for the kinetic component kE , and the elastic 








  u u               ε εC  (6.15) 
Eq. (6.15) can be calculated once the element nodal displacements are obtained from SAFE 
eigenvalue problem. The displacement and strain fields are then reconstructed. 
6.5.2 DAMPING EFFECT ON DISPERSION CURVES 
In this section, damping effect on the dispersion curves was investigated. The 3.6-
mm CFRP composite plate studied by Neau (2003) was examined. The material properties 
and the loss coefficient matrix can be found in section 6.4.1. Dispersion curves in the 
composite plate with damping and without damping were obtained using the SAFE 
approach, respectively. Comparison between phase-velocity dispersion curves with and 
without damping in the CFRP composite plate is shown in Figure 6.5. Figure 6.5 (a) 
presents the comparison in the 0º direction. It can be noted that a slight difference occurs 
in high frequency-thickness region (around 1500 kHz×mm) for S0 mode, whereas no 
significant changes can be found for A0 and SH0 modes. Figure 6.5 (b) shows the phase-
 
164 
velocity comparison in the 90° direction. No noticeable difference due to the material 
damping can be observed for all the three wave modes (S0, A0, and SH0). 
 
Figure 6.5: Comparison between phase-velocity dispersion curves with and without 
damping effect in the CFRP composite plate: (a) 0º; (b) 90º. 
Figure 6.6 gives the comparison between skew-angle dispersion curves with and 
without damping in the CFRP composite plate. Figure 6.6 (a) shows the comparison in 
both the 0º and 90º directions. It can be observed that skew angles of the three wave modes 
(S0, A0, and SH0) are all zero, no apparent damping effect can be observed. Figure 6.6 (b) 
presents the comparison in the off-axis direction of 60°. It can be noted that, compared with 
the 0° and 90° directions, skew angles of all the wave modes become nonzero. In addition, 
a large difference in the high frequency-thickness region (around 1400 kHz×mm) for S0 
mode can be observed. No significant changes exist for A0 and SH0 mode.  
The energy-velocity dispersion curves of the CFRP composite plate with damping 
and without damping are calculated using Eq. (6.13). The energy-velocity comparison is 












directions, respectively. No significant influence due to material damping can be observed 
in the two directions. 
 
Figure 6.6: Comparison between skew-angle dispersion curves with and without damping 
effect in the CFRP composite plate: (a) 0º and 90º; (b) 45º. 
 
Figure 6.7: Comparison between energy-velocity dispersion curves with and without 
damping effect in the CFRP composite plate: (a) 0º; (b) 90º. 
  









































6.6 EXPERIMENTAL MEASUREMENTS OF DAMPING ATTENUATION 
6.6.1 EXPERIMENTAL SETUP 
In this experiment, the 1.8-mm thick in-house unidirectional CFRP composite plate 
with stacking sequences of [0]8 was examined. The material properties were measured 
using the ultrasonic immersion technique given in chapter 3. 
To excite guided waves in the unidirectional composite plate, a circular PWAS 
(Steminc SM412, 9-mm-diameter disks, and 0.5 mm thick) was bonded on the top surface 
as the excitation source. A laser vibrometer (Polytec PSV-400-M2) was adopted to measure 
the out-of-plane velocity of the plate. Thus, a hybrid SLDV-PWAS system was established 
to measure the guided wave propagation and damping attenuation. Under electrical 
excitation, the PWAS generate guided waves in the composite plate. The guided waves 
propagate with an out-spreading pattern, undergo dispersion, experience attenuation due to 
the material damping, and are finally picked up by SLDV. 
 
Figure 6.8: Experimental setup on the 1.8-mm thick CFRP composite plate: SLDV line 





















Figure 6.8 presents the measurement of damping attenuation coefficient in the 
CFRP composite plate; this can be done by SLDV line scans at different distances from 
the PWAS along various angular directions. Reflective tape was bonded on the top surface 
along five different angular directions (0º, 30º, 45º, 60º, and 90º), which was used to 
enhance SLDV signal quality. An Agilent 33120A function generator was used to generate 
3-count tone-burst signals at the central frequency ranging from 45 to 300 kHz in steps of 
15 kHz. An HSA 4014 power amplifier was utilized to amplify the excitation signal to 140 
Volt peak-to-peak. In each propagation direction, totally 10 SLDV measurements were 
performed at various locations along the scanning line from 10 mm to 100 mm away from 
PWAS. The interval of two adjacent measurements is 10 mm.  
6.6.2 EXPERIMENTAL RESULTS 
Typical received signals of 90 kHz excitation in the fiber direction (the 0º direction) 
at different locations are shown in Figure 6.9 (a). It can be noted that the signal amplitudes 
attenuate with the propagation distance and the wave packets become more dispersive. The 
curve fitting method was performed to obtain the damping attenuation coefficient from the 
SLDV signals.  
The experimental and fitted amplitudes versus the distance in the 0º direction of a 
90 kHz excitation are shown in Figure 6.9 (b). The blue cross marker denotes the 
attenuation of experimental signal amplitudes, and the red solid line represents the curve 
fitting using the Eq. (64), which includes geometry spreading 1 r  and material damping 




(a)       (b) 
Figure 6.9: Experimental measurements of damping attenuation: (a) experimental received 
signal at different distances in the 0º direction; (b) curve fitting of the peak-to-peak 
magnitude versus the distance (A0=4.05, Im =1.6). 
Following the same method, experimental damping attenuation coefficients of A0 
and S0 modes at various frequencies along the 0º and 90º directions can be determined, as 
shown in Figure 6.10. Because of the tuning effect for the out-of-plane velocity response 
of S0 mode, measurements could be made only at the frequency range from 210 kHz to 
300 kHz in the 0º direction and 120 kHz to 300 kHz in the 90º direction. Figure 6.10 (a) 
and (b) show the measured damping attenuation coefficients of A0 and S0 modes in the 0º 
direction, respectively. It can be observed that the damping attenuation of fundamental 
modes (A0, S0) increases with frequency, which is in agreement with the predictions of 
Kelvin-Voigt damping model. Besides, experimental results indicate that A0 mode 














(a)       (b) 
 
(c)       (d) 
Figure 6.10: Experimental damping attenuation coefficients versus frequency of A0 and 
S0 modes: (a) A0 mode, 0º; (b) S0 mode, 0º; (c) A0 mode, 90º; (d) S0 mode, 90º. 
Figure 6.10 (c) and (d) present the determined damping attenuation coefficients of 
A0 and S0 modes in the 90º direction, respectively. Similarly, the damping attenuation of 
A0 and S0 modes increases with frequency and A0 mode shows much larger attenuation. 
By comparing the damping attenuation in the 0º and 90º directions, it can be noted that the 
damping attenuation is anisotropic, showing higher attenuation in the matrix dominated 
S0 mode A0 mode 
0º 0º 




direction (90º direction). In Figure 6.10, the measured damping attenuation of A0 and S0 
modes were fitted by using the polynomial curve-fitting function of Matlab. The fitted 
experimental damping attenuation is used to compare with the predicted results of our 
damping model. 
To illustrate the anisotropic damping attenuation, A0 mode directivity plot of 
damping attenuation coefficient is shown in Figure 6.11. It can be observed that material 
damping is anisotropic and it has the highest influence on the 90º direction because, in this 
direction, a major contribution to composite stiffness is due to the matrix. 
 
Figure 6.11: A0 mode directivity plot of damping attenuation coefficient at 90 kHz. 
6.7 VALIDATIONS OF WAVE PROPAGATION IN DAMPED COMPOSITES 
6.7.1 PREDICTION OF DISPERSION CURVE IN DAMPED COMPOSITE PLATE  
Energy-velocity dispersion curves of the CFRP composite plate were calculated 
using the SAFE approach. In the SAFE approach, we use the 1-D quadratic isoparametric 
element, which is comprised of three nodes per element. To ensure the convergence of the 
SAFE model, dispersion curves in terms of wavenumbers have been computed for various 





curves do not change with an increasing number of elements. In this study, two elements 
per layer are used, which can ensure the convergence.  
Figure 6.12 (a) presents the energy velocity curves in the 0º direction (along the 
fiber direction). It can be noted that at relatively low frequencies, only three fundamental 
wave modes (S0, SH0, and A0) exist. The S0 mode is not very dispersive at the frequency 
below 450 kHz and has a large energy velocity. The A0 mode, on the other hand, is highly 
dispersive and has the lowest energy velocity. The SH0 mode is non-dispersive in this 0º 
propagation direction and possesses an energy velocity between A0 and S0. Figure 6.12 (b) 
shows the energy velocity curves in the 90° direction. It should be noted that, compared 
with the 0° direction, S0 mode becomes more dispersive and has a much lower energy 
velocity. The SH0 energy velocity does not change much, while the A0 energy velocity 
becomes much lower.  
 
(a)      (b) 
Figure 6.12: Energy-velocity dispersion curves in the CFRP composite plate: (a) 0º (fiber 











Figure 6.13: Energy-velocity directivity curves at 90 kHz in the composite plate. 
Figure 6.13 shows the energy-velocity directivity plot at 90 kHz. The curves 
represent the spatial wave propagation pattern. It can be observed that both S0 and A0 have 
the highest energy velocity along the fiber direction at 0º and 180º, whereas in the 
transverse direction at 90º and 270º their energy velocities are much lower. Thus, if the 
waves are excited by a point source, then an elliptical wave crest would be obtained. The 
SH0 energy velocity curve shows the self-crossing behavior already reported in the ref. 
(Glushkov et al. 2014).  
6.7.2 LOSS COEFFICIENT ADJUSTMENT FOR DAMPED GUIDED WAVE PROPAGATION  
In order to achieve a good match between prediction and experiment, we need to 
determine the loss coefficient matrix   of Eq. (6.10). This is a challenging task. Available 
literature data for CFRP composite materials is limited. In this study, the loss coefficients 
were obtained through an iterative updating in coordination with the experimental 







Figure 6.14: Predicted wave propagation pattern in the CFRP composite plate: (a) SAFE 
prediction without damping; (b) SAFE prediction with damping. 
To illustrate the effect of material damping on wave propagation patterns, Figure 
6.14 presents the comparison between the SAFE prediction with and without damping at 
90 kHz. It shows that both predictions can depict the outward spreading wave propagation 
pattern with spatial dispersion. However, the difference appears in the 90° direction, where 
the wave amplitude is much more diminished due to material damping.  
The radial propagation comparison of waveforms at 100 mm away from PWAS 
along the 0º and 90º directions is presented in Figure 6.15. The 90 kHz simulation signals 
with and without damping effect were plotted. By comparing the wave amplitude change 
in the 0º and 90º directions, it can be noted that the damping attenuation is much stronger 
in the 90º direction than the 0º direction. In addition, it can be observed that A0 mode 
experiences higher attenuation than S0 mode from the comparison in the 90º direction, 
which is in agreement with the trends of the experimental damping attenuation in section 
6.6. This is related to the motion characteristics of the respective modeshapes and 
corresponding wavelengths. 
Prediction without damping Prediction with damping 
Waves undergo attenuation in 90º 
direction 
Waves show strong amplitude in 90º direction  
(a) (b) 
Fiber direction Fiber direction 
90 kHz 90 kHz 




Figure 6.15: Waveform comparison between SAFE prediction with and without damping 
effect: (a) 0º (fiber direction); (b) 90º (transverse direction). 
To capture the anisotropic damping effect in the composite plate, the loss 
coefficient adjustment was performed. This was done by comparing the attenuation 
predicted at various frequencies for A0 and S0 modes with the experimentally measured 
attenuation. 
Figure 6.16 shows the damping attenuation comparison between the prediction of 
Kelvin-Voigt damping model with the obtained loss coefficient and experimental results 
in the 0º and 90º directions. The red line represents the curve fitting of the experimental 
damping attenuation obtained in section 6.6, whereas the blue cross markers indicate the 
values predicted by our model. It can be noted that the predicted damping attenuation of 
A0 mode matches well with the experiment, whereas S0 mode shows some discrepancies 













(a)       (b) 
 
(c)       (d) 
Figure 6.16: Damping attenuation comparison between prediction and experimental 
results: (a) A0 mode, 0º; (b) S0 mode, 0º; (c) A0 mode, 90º; (d) S0 mode, 90º.  
To obtain the results shown in Figure 6.16, we had to iteratively adjust the loss 
coefficient matrix of Eq. (6.10). This adjustment was done through an iterative updating of 
the loss coefficient components in Eq. (6.10) while trying to best match the fitted 
experimental data. Since the material in a unidirectional composite plate is transversely 
isotropic, the loss coefficient matrix contains only diagonal terms made up of four 
independent values ( 11 , 22 33  , 44 , and 55 66  ). In the iterative updating process, 
S0 mode A0 mode 
0º 0º 




these loss coefficients were initially taken as 1% (recall that loss coefficients in stiff solids 
are usually small, pq <5%). These values were then iteratively adjusted to bring the 
predicted damping attenuation closer to the experimentally measured damping attenuation 
(Figure 6.16). This process was done manually. (An automated optimization process could 
be devised in the future, but this did not make the object of the present investigation.) 
Eventually, we found the most appropriate values for the Kelvin-Voigt loss coefficient 



















0.03 0 0 0 0 0
0 2.4 0 0 0 0
0 0 2.4 0 0 0
250
0 0 0 3.1 0 0
0 0 0 0 2.5 0
0 0 0 0 0 2.5
f  (6.16) 
Note that the 22  and 33  are equal since the material is transversely isotropic. 
These two elements are also much larger than 11  because the damping in the transverse 
directions 2x  and 3x  is dominated by the polymeric matrix, which is viscoelastic, whereas 
the material behavior in the 1x  direction is dominated by the fibers which are much stiffer 
and much less lossy. 
6.7.3 MODEL-EXPERIMENT COMPARISON 
To demonstrate the improvement of our extended SAFE approach, the comparison 
between experiment and SAFE prediction with damping effect is presented in Figure 6.17. 
Kelvin Voigt damping model using the obtained loss coefficient matrix was utilized to 
capture the anisotropic damping effect. The wave propagation patterns of 90 kHz in the 
composite plate were plotted. A good match between experiment and predicted wave 
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pattern can be observed. The elliptical wave propagation patterns match quite well; some 
small discrepancies still exist along the fiber direction (0º and 180º). This may be due to 
thickness variation in the composite plate.  
 
Figure 6.17: Wave propagation patterns in the CFRP composite plate: (a) experiment; (b) 
SAFE prediction with damping effect. 
 
Figure 6.18: Waveform comparison between experiment and prediction with damping 
effect in the composite plate: (a) 0º (fiber direction); (b) 90º (transverse direction). 
The waveform comparison between experiment and prediction at 100 mm away 
from PWAS in the 0º and 90º directions is shown in Figure 6.18. In the 0º direction (the 
50 μs 
90 kHz 90 kHz 
50 μs 
(a) (b) 
Fiber direction Fiber direction 
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fiber direction), strong A0 mode can be observed, while the wave amplitude of S0 mode is 
very small. On the other hand, in the 90º direction, much stronger S0 amplitude was 
measured. The S0 and A0 wave packets are clearly separated.  
Predicted waveforms by the SAFE approach with Kelvin-Voigt damping model 
achieved a good agreement with experimental measurements. This shows that the extended 





CHAPTER 7  
CHARACTERIZATION OF MULTILAYER DELAMINATIONS IN COMPOSITES USING 
WAVENUMBER ANALYSIS 
Delamination is one of the most common and dangerous failure modes for 
composites because it takes place and grows in the absence of any visible surface damage. 
The successful implementation of delamination detection in aerospace composite 
structures is always challenging due to the general anisotropic behavior of composites and 
multilayer delamination scenarios. This chapter presents a numerical and experimental 
investigation to detect and characterize the multilayer delaminations in carbon fiber 
reinforced polymer (CFRP) composite plates using guided waves and wavenumber 
analysis. Multi-physics three-dimensional (3D) finite element (FE) simulations of the 
composite plate with two different delamination scenarios are conducted to provide the 
out-of-plane wave motion for wavenumber analysis. The out-of-plane results from FE 
simulations are validated by the scanning laser Doppler vibrometer (SLDV) measurements. 
It is found that the wavenumber analysis can identify the plies between which the 
delamination occurs and evaluate the delamination severity by comparing the new negative 
wavenumber due to the trapped waves in the delamination regions, which is potentially 




Composite materials have been extensively used in aerospace structures due to their 
superior strength and stiffness, resistance to corrosion, design flexibility, and lightweight 
(Giurgiutiu 2016). However, various damage modes exist (e.g., delamination, debonding, 
and impact damage) in composites and their detection and quantification are much more 
difficult than that in metallic materials (Flores et al. 2017; Wilson and Change 2016; Su et 
al. 2006; Shen and Cesnik 2016; Mei and Giurgiutiu 2019b; Mei et al. 2019b). 
Delamination is the most common and dangerous failure mode for composite materials, 
because it occurs and grows in the absence of any visible surface damage, making it 
difficult to detect by visual inspection. Due to the general anisotropic behavior (Mei and 
Giurgiutiu 2019a) and complex damage scenarios, the successful implementation of 
delamination detection in composite structures is always challenging. 
Many non-destructive testing (NDT) methods have been developed to detect and 
quantify the delamination in composite structures, such as eddy current (Robin et al. 2020), 
X-rays, and ultrasound methods (Zhang et al. 2020; Wallentine and Uchic 2018). However, 
these NDT methods are often labor-intensive and depend heavily on the skill and 
experience of the operator. Structural health monitoring (SHM) technologies offer a 
promising alternative and involve collecting data from various sensors installed on 
structures to make reliable and cost-effective decisions (Mei et al. 2019a). In recent years, 
various SHM methods have been developed, such as electromechanical impedance (EMI) 
(Cresil et al. 2012), acoustic emission (AE) (Nikbakht et al. 2017), and guided wave-based 
methods (Dafydd and Sharif Khodaei 2019; Chang and Yuan 2019). Among them, guided 
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waves have been studied extensively for delamination detection due to their ability to 
inspect a large area while maintaining a sensitivity to various types of damage.  
In recent years, damage detection using the guided wavefield analysis has been 
widely investigated. In this method, a permanently installed piezoelectric wafer active 
sensors (PWAS) transducer was typically utilized to excite guided waves propagating in 
the composites, and guided wavefield was measured by a scanning laser Doppler 
vibrometer (SLDV). The delamination can be unveiled through wavefield analysis, such as 
the wavefield amplitude profile (Staszewski et al. 2009), frequency-wavenumber analysis 
(Tian et al. 2015), local wavenumber analysis (Rogge and Leckey 2013; Juarez and Leckey 
2015; Zhao et al. 2020). Staszewski et al. (2009) used the wavefield amplitude profiles to 
locate the delamination and estimate its severity in composite laminates. Tian et al. (2015) 
applied the frequency-wavenumber analysis to detect and quantify a single-layer 
delamination, showing that wavenumber methods can not only determine the delaminated 
region but can also identify the plies between which the delamination occurs. Rogge and 
Leckey (2013) presented a local wavenumber domain analysis to process the wavefield, 
and they demonstrated that it could be used to quantify the delamination depth and size.  
Moreover, various wavenumber imaging methods were applied for improved 
visualization of delamination in composites, such as frequency-wavenumber filtering 
(Ruzzene 2007; Michaels et al. 2011; Park et al. 2014), standing wave filtering (Sohn et al. 
2011), zero-lag cross-correlation (ZLCC) imaging (He and Yuan 2016; Girolamo et al. 
2018), time-reversal imaging (Eremin et al. 2019), spatial wavenumber imaging (Tian et 
al. 2015), wavenumber adaptive image filtering (Kudela et al. 2018). Sohn et al. (2011) 
designed a standing wave filter to remove propagating waves from the wavefield and obtain 
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standing waves in the delamination region for damage visualization. Girolamo et al. (2018) 
applied the ZLCC imaging condition for visualizing impact damage in a honeycomb 
composite panel. Tian et al. (2015) improved the damage visualization algorithm by using 
the filtering reconstruction imaging and spatial wavenumber imaging. Kudela et al. (2018) 
utilized the wavenumber adaptive image filtering to detect and visualize the impact-
induced delaminations under different impact energies.  
On the other hand, computational wave simulation has proven to be an effective 
tool for clarifying complex ultrasonic wave phenomena. Previous investigators have 
reported the use of numerical simulations to study guided wave propagation and interaction 
with delaminations. Guo and Cawley (1993) used a two-dimensional (2D) finite element 
(FE) method with plane strain assumption to study the reflection of the S0 mode from a 
delamination in unidirectional and crossply laminates. Ramadas et al. (2009 and 2010) 
investigated the A0 mode interaction with the symmetric and asymmetric delaminations 
using a 2D model. They showed that the mode-converted S0 mode was confined only to 
the sub-laminates within the delamination region and converts back to the A0 mode when 
exiting the delamination that is symmetrically located across the thickness, while the 
propagation of S0 mode in the main laminate was observed when A0 mode interacts with 
the delamination that is located asymmetrically across the thickness. Munian et al. (2018) 
used a 2D time-domain spectral finite element (TSFE) method to investigate the interaction 
between guided waves and the delamination. However, all the aforementioned studies are 
limited to 2D situations which consider the delamination to be across the full width of the 
composite laminates. To solve this problem, three-dimensional (3D) FE simulations were 
conducted to investigate guided wave interactions with the delaminations in a more realistic 
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way and the scattering characteristics in different directions (Leckey et al. 2018; Ng and 
Veidt 2011; Murat et al. 2016). More recently, Leckey et al. (2018) presented the 
benchmark studies of four different simulation tools, three commercial packages COMSOL, 
ABAQUS, and ANSYS, and a custom code, elastodynamic finite integration technique 
(EFIT), for 3D modeling of guided wave interaction with single delamination in 
composites. Ng and Veidt (2011) investigated the scattering directivity pattern of a single 
delamination in a quasi-isotropic laminate using an experimentally validated 3D FE model. 
They showed that the behavior of the backward scattering amplitude is generally more 
complicated than that of the forward scattering amplitude and is generally smaller in 
magnitude particularly for larger delamination.  
However, prior studies in the literature have focused on single delamination 
scenarios (i.e., a single delamination through the composite thickness). Leckey and Seebo 
(2015) conducted a preliminary simulation to investigate differences in trapped energy for 
multilayer delaminations, and their studies showed that the trapped energy increases at the 
composite surface when additional delaminations exist through the composite thickness. In 
addition, 3D modeling of guided wave propagation and interaction with the actual impact 
damage was investigated in ref. (Leckey et al. 2014; Zhang et al. 2017). These studies have 
facilitated our understanding of guided wave-based delamination detection using wavefield 
analysis. However, the numerical and experimental characterization of guided wave 
interactions with multilayer delaminations using wavenumber analysis and their sensitivity 
to the delamination severity are very limited.  
This chapter presents a numerical and experimental investigation on the detection 
and characterization of multilayer delaminations in carbon fiber reinforced polymer (CFRP) 
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composite plates using guided waves and wavenumber analysis. First, an in-house 3-mm 
quasi-isotropic [-45/90/45/0]3s CFRP composite plate with purpose-built delaminations by 
inserting Teflon films was manufactured, and the ultrasonic C-scan was conducted to verify 
and image the simulated multilayer delaminations including one delamination and two 
delaminations. Then, multi-physics 3D FE simulations of the composite plate with two 
different delamination scenarios using the commercial ANSYS finite element software 
were carried out to study guided wave interaction with delaminations, especially the 
trapped waves due to the multilayer delaminations. Next, experimental validations using 
SLDV measurements were conducted to measure out-of-plane wave motion on the 
composite plate. Wavenumber analysis was used to study guided-wave interactions with 
delaminates in order to better understand the complex behavior that occurs when waves 
encounter multilayer delaminations. Both numerical and experimental results demonstrate 
a good capability for the detection and characterization of multilayer delaminations in 
composite structures. 
7.2 COMPOSITE SPECIMEN 
In this study, a 3-mm thick in-house quasi-isotropic carbon fiber-reinforced 
polymer (CFRP) composite plate with a stacking sequence of [-45/90/45/0]3s was 
investigated. The IM7 12K/CYCOM 5320-1 prepreg was used to manufacture the 
composite specimen. Two different delamination scenarios, one and two delaminations, 




Figure 7.1: Schematic of 3 mm thick quasi-isotropic [-45/90/45/0]3s carbon fiber-reinforced 
polymer (CFRP) composite plate with one delamination and two delaminations. 
Figure 7.1 shows the schematic of the 3-mm thick quasi-isotropic CFRP composite 
plate with purpose-built multilayer delaminations. One delamination was created by 
inserting a circular Teflon film (25 mm in diameter) between plies 20 and 21. Two 
delaminations were generated by inserting two Teflon films of different sizes at various 
depths. First, a large circular Teflon film (25 mm in diameter) was inserted between plies 
20 and 21, which is the same size and depth of one delamination. Then, an additional small 
circular Teflon film (20 mm in diameter) was inserted between plies 16 and 17. The 
thickness of Teflon film is 50 microns. The depth of the Teflon insert was based on the 
experimental results in Ref. (Wallentine and Uchic 2018). The delamination size was 
determined from the practical application, where the critical delamination size for growth 
monitoring is around 25-mm diameter. After the ply layup, the specimen was placed in a 
























hot-press machine for curing. The experimental setup and curing cycle of specimen 
manufacturing are given in Figure 7.2. 
 
Figure 7.2: Experimental setup and curing cycle of the specimen manufacturing: (a) Teflon 
inserts; (b) hot press machine; (c) curing cycle. 
Ultrasonic nondestructive testing (NDT) was conducted to verify and image the 
simulated delaminations in the quasi-isotropic CFRP composite plate. An ultrasonic 
immersion tank was used to inspect the specimen. In the experiment, a 10 MHz, 25.4-mm 
focused transducer was utilized. First, a full specimen inspection was performed and it was 
found that there were no manufacturing defects other than the simulated delaminations. 












The scan area is 100 mm × 100 mm. Figure 7.3(a) shows the ultrasonic C-scan results of 
the pristine area. It can be found that no manufacturing defects and the quasi-isotropic 
layup were observed. Figure 7.3(b) and (c) give the C-scan results of one delamination. In 
this case, ultrasonic C-scans were conducted on both bottom surface (bottom scan) and top 
surface (top scan). It can be seen that one 25-mm delamination was clearly noted from both 
bottom and top scans. From the C-scan images, the size and shape of the delamination can 
be clearly observed.  
 
Figure 7.3: NDT ultrasonic C-scan results: (a) pristine area; (b) bottom scan of one 
delamination; (b) top scan of one delamination. 
The NDT inspection results of two delaminations are shown in Figure 4.22. First, 
the ultrasonic C-scan was conducted on the bottom surface which is close to the large 25-
mm delamination. Figure 4.22(a) shows the C-scan result of the bottom scan. It can be 
found that only a 25-mm delamination was observed because the large delamination is 
close to the bottom surface, which blocks all the ultrasonic waves to penetrate. Therefore, 
the hidden small delamination cannot be detected from the bottom surface and this may 
happen in the practical applications when only single-sided access is available.  
Bottom: one 
delamination 
















Figure 7.4: Ultrasonic NDT inspection results of two delaminations: (a) bottom scan 
showing 25-mm delamination; (b) top scan showing 20-mm delamination; (c) top scan 
showing 20-mm and 25-mm delaminations.  
In order to detect the small delamination, the top scan with different focusing was 
performed. First, a 20-mm delamination was noted in Figure 4.22(b) when the focus was 
conducted at the depth of the small delamination, while a 25-mm delamination was also 
observed when the focus was performed at the depth of the large delamination as shown in 
Figure 4.22(c). A 20-mm shadow was clearly observed in Figure 4.22(c), which is the small 
delamination at a different depth and it blocks the ultrasonic wave to penetrate. Therefore, 
the simulated multilayer delaminations were successfully detected and quantified from the 
ultrasonic NDT detection, which is consistent with the design. 
7.3 GUIDED WAVES IN THE COMPOSITES  
7.3.1 MEASUREMENT OF MATERIAL PROPERTIES  
The material properties of the in-house composite plate were measured 
experimentally using the ultrasonic immersion technique proposed in Ref. (Barazanchy et 
al. 2018). The retrieved engineering elastic constants are given in Table 7.1. To validate 
the retrieved material properties, a comparison between the experimental frequency-
wavenumber dispersion curve and the theoretical dispersion curve was conducted. In this 
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0º direction on the pristine area. The quantity measured by the SLDV is the out-of-plane 
velocity of surface particle motion. The excitation signal applied to the PWAS transducer 
is a linear sine wave chirp from 50 kHz to 900 kHz. 
Table 7.1: Engineering constants of the unidirectional prepreg.  
E11 E22 E33 ν12 ν13 ν23 G12 G13 G23 ρ 
153 GPa 8.7 GPa 8.7 GPa 0.37 0.37 0.5 6.9 GPa 6.9 GPa 2.9 GPa 1625 kg/m3 
 
To obtain the frequency-wavenumber dispersion curves, the measured time-space 
data  ,u t x  was transformed into the frequency-wavenumber domain by applying a 2D 
fast Fourier transform (FFT). 
      2, , i x ftU f u t x e dtdx 
   
 
    (1) 
where U(f, ξ) is the experimental frequency-wavenumber representation in terms of the 
frequency variable f and the wavenumber variable ξ.  
The theoretical frequency-wavenumber dispersion curve was calculated using the 
measured material properties and the SAFE approach. For the SAFE approach, 48 one-
dimensional (1D) quadratic elements across the thickness direction were utilized to ensure 
the convergence of the solution. The comparison between experimental and theoretical 
frequency-wavenumber dispersion curves in the 0º direction is shown in Figure 7.5. The 
dotted lines are the theoretical frequency-wavenumber dispersion curves for all the wave 
modes in the quasi-isotropic CFRP composite plate. A good match between the experiment 
and the prediction of measured material properties was achieved. Besides the fundamental 
A0, S0, and SH0 modes, high-order modes such as A1, SH1, and SH2 were successfully 
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generated in the 3-mm quasi-isotropic composite plate. It can be found that the A0 mode 
has a strong out-of-plane velocity at low frequency (below 250 kHz).  
 
Figure 7.5: Comparison between experimental and theoretical frequency-wavenumber 
dispersion curves in the 0º direction. 
7.3.2 PREDICTION OF DISPERSION CURVES IN THE COMPOSITE PLATE 
In this section, the SAFE approach was used to calculate the dispersion curves in 
the quasi-isotropic composite plate based on the retrieved material properties. Figure 7.6(a) 
presents the phase velocity curves in the 0º direction. It can be noted that at relatively low 
frequency, only three fundamental wave modes (S0, SH0, and A0) exist. The S0 mode is 
not very dispersive at the frequency below 300 kHz and S0 mode has a large phase velocity. 
The A0 mode, on the other hand, is highly dispersive and has the lowest phase velocity. 
The SH0 mode is mildly dispersive at the frequency below 400 kHz and possesses a phase 
velocity between A0 and S0. Figure 7.6(b) shows the phase velocity curves in the 90° 
direction. It should be noted that, compared with the results in the 0° direction, S0 mode, 











specimen investigated is a quasi-isotropic composite. However, obvious differences are 
observed for high-order modes at the frequency above 400 kHz.  
 
Figure 7.6: Phase-velocity dispersion curves in the 3-mm quasi-isotropic CFRP composite 
plate: (a) 0º; (b) 90º. 
 
Figure 7.7: Group-velocity directivity curves at 200 kHz in the 3-mm quasi-isotropic CFRP 
composite plate. 
Figure 7.7 shows the group-velocity directivity plot at 200 kHz. The curves 
















modes, S0, SH0, and A0, have similar group velocities in all directions. This is because the 
quasi-isotropic composite plate has similar material properties in various directions. Thus, 
if the waves are excited by a point source, then a quasi-circular wave crest would be 
obtained.  
7.4 MULTI-PHYSICS FINITE ELEMENT SIMULATION 
Three-dimensional (3D) multi-physics finite element (FE) models were utilized to 
simulate guided wave propagation and interaction with different delamination scenarios, 
one delamination and two delaminations, in the 3 mm thick [-45/90/45/0]3s CFRP 
composite plate.  
7.4.1 DELAMINATION MODELING 
Three sets of 3D simulations were carried out: (1) 3D wave propagation in the 
pristine plate; (2) 3D wave propagation in the damaged plate with one delamination; (3) 
3D wave propagation in the damaged plate with two delaminations. Figure 7.8 shows the 
FE models of the quasi-isotropic composite plate with one delamination and two 
delaminations. In this study, the delaminations were modeled by detaching the nodes, 
which has been widely used by many authors (Tian et al. 2015; Ramadas et al. 2009). For 
the case of one delamination, a 25-mm delamination is created between plies 20 and 21 by 
specifying the delamination as two planes, which are defined by the same coordinates but 
are not tied together. For the case of two delaminations, a 25-mm delamination between 
plies 20 and 21, and a 20-mm delamination between plies 16 and 17 are generated, as 
shown in Figure 7.8.  
Non-reflective boundaries (NRB) developed by Shen and Giurgiutiu (2015) can 
eliminate boundary reflections, and thus allow for the simulation of guided wave 
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propagation in an infinite medium with small-size models. This NRB was implemented 
around the 3D FE models to calculate the transient response under the PWAS excitation. 
The PWAS transducer was modeled with coupled field elements (SOLID5) in the 
commercial finite element package ANSYS 17. Structural solid elements (SOLID185) 
were used to mesh the composite plate. COMBIN14 spring-damper elements were utilized 
to construct the NRB.  
 
Figure 7.8: Multi-physics finite element model of the composite plate with one 
delamination and two delaminations.  
In this study, the excitation signal is a three-count Hanning window modulated tone 
burst with the center frequency of 200 kHz, which is in the less dispersive region. A0 mode 
at 200 kHz has a dominant out-of-plane wave motion as shown in Figure 7.5. In addition, 
A0 mode has a short wavelength, which is sensitive to small-size delaminations. The mesh 
size adopted in this study was 0.5 mm for in-plane direction to guarantee that more than 20 





element per ply. The PWAS transducer and delamination regions were meshed with even 
finer elements to accommodate the high-stress gradient. The time step was set to 0.25 μs 
to ensure convergence.  
7.4.2 SIMULATION RESULTS 
First, the out-of-plane velocity on the top surface was extracted and visualized to 
study the guided wave interaction with the delaminations.  
 
Figure 7.9: Comparison of the transient spatial wavefield in the composite plate showing 
the out-of-plane velocity on the top surface: (a) pristine plate; (b) one delamination; (b) 
two delaminations.  
Figure 7.9 shows the comparison of the transient spatial wavefield among the 
pristine plate, the damaged plate with one delamination, and the damaged plate with two 
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delaminations. For the pristine case in Figure 7.9(a), it can be found that a quasi-circular 
wavefront was generated because of the quasi-isotropic stacking sequence used for this 
CFRP composite plate, strong near the wave source, and weak at the far field due to the 
outward propagation pattern. At 25 μs, the fast propagating S0 mode with a long 
wavelength and lower amplitude, and the slowly propagating A0 mode with a short 
wavelength and higher amplitude can be clearly identified. At 75 μs, the incident waves 
were successfully absorbed by NRB and no reflections occurred. Figure 7.9(b) and (c) 
show the guided wave propagation and interaction with one and two delaminations. At 25 
μs, no obvious S0 interaction with the delaminations can be identified for both one and two 
delaminations. At 75 μs, weak interactions with one and two delaminations were noted 
after A0 waves interact with the delaminations. This is because the top surface is far away 
from the delaminations as shown in Figure 7.8, guided wave interactions with 
delaminations are very weak.  
Second, the guided wavefield at the bottom surface was investigated. Figure 7.10 
shows the comparison of the transient spatial wavefield on the bottom surface of the 3-mm 
quasi-isotropic composite plate. Figure 7.10(a) presents the guided wave propagation in 
the pristine plate. Similar to the results on the top surface, the weak S0 mode with a fast 
speed and a long wavelength, and the strong A0 mode with a slow speed and a short 
wavelength were clearly observed. Figure 7.10(b) and (c) show the guided wave 
propagation and interaction with one and two delaminations on the bottom surface, which 
is close to delaminations. At 25 μs, weak trapped waves were noted due to the S0 
interaction with one and two delaminations. At 75 μs, after A0 waves interact with the 
delaminations, strong trapped waves in the delamination regions can be clearly observed. 
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Previous studies have confirmed the multiple reflections within the delamination area and 
a considerable amount of ultrasonic energy is trapped in the delaminated region. The 
observed behavior agrees well with the wavefield observations presented in Ref. (Tian et 
al. 2015). However, one or two delaminations cannot be characterized by directly 
comparing the guided wavefield.  
 
Figure 7.10: Comparison of the transient spatial wavefield in the composite plate showing 
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7.4.3 WAVENUMBER ANALYSIS  
To further analyze the wave interaction with multilayer delaminations, line scans 
across the delamination areas on the top and bottom surfaces were extracted from the 
simulation results. Figure 7.11(a) and (b) show the time-space wavefields of the out-of-
plane velocity at the top surfaces for one and two delaminations, respectively. As it can be 
seen, the out-of-plane velocity of A0 mode has a higher amplitude than the S0 mode. Weak 
trapped waves were noted for both one and two delaminations. However, a stronger wave 
interaction was clearly observed when the number of delamination increased from one to 
two. This phenomenon may be used to indicate delamination severity.  
 
Figure 7.11: Comparison of FEM time-space wavefield between one delamination and two 
delaminations: (a) top surface of one delamination; (b) top surface of two delaminations; 
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Figure 7.11(c) and (d) present the time-space wavefields of out-of-plane velocity at 
the bottom surfaces for one delamination and two delaminations, respectively. Similarly, a 
higher amplitude but slower A0 mode, and a lower amplitude but faster S0 mode were 
observed. Comparing with the wavefield on the top surface, it can be found the strong 
trapped waves within the delamination regions were clearly observed on the bottom surface. 
A weak S0 interaction and a strong A0 interaction were noted for both one and two 
delaminations. 
Although wave interactions with the delamination and the boundaries are visualized 
in the time-space wavefield, implicit wave propagation characteristics such as wave mode 
content and how modes change along the wave propagation path are not readily seen. It 
has been demonstrated that wavenumber analysis representing the wavenumber content 
has abundant information regarding the existence of various wave modes and wave 
propagation characteristics. Therefore, the time-space wavefield was transformed into 
frequency-wavenumber representation using 2D-FFT. 
Figure 7.12 shows the comparison of frequency-wavenumber spectrums at the top 
surface between one and two delaminations. The black and red solid lines are the 
theoretical dispersion curves of A0 mode and S0 mode in the quasi-isotropic CFRP 
composite plate, respectively. It can be found that strong incident A0 mode (positive 
wavenumber) was observed in the frequency-wavenumber spectrums, which agrees well 
with the theoretical dispersion curves. Compared with the result of one delamination, it 
was found that a stronger negative wavenumber (backward propagation) was clearly 
observed for the case of two delaminations, which demonstrates that the more delamination, 




Figure 7.12: Comparison of FEM frequency-wavenumber spectrums at top surface 
between one delamination and two delaminations. 
Figure 7.13 shows the comparison of frequency-wavenumber spectrums at the 
bottom surface between one and two delaminations. It can be found that new wavenumber 
components including both positive (forward propagation) and negative (backward 
propagation) due to the delaminations can be clearly observed. It is expected that the new 
wavenumber components are related to the wave propagation in the delamination regions. 
The meaning of the new wavenumber was further investigated in order to better understand 
the trapped waves in the delamination regions. Unlike conventional guided wave methods 
which only determine the delamination location in the plate, wavenumber analysis will 
identify the ply below which the delamination occurs (Tian et al. 2015). This is because 
the sub-laminates above or below the delaminations will have different layups and 
thicknesses compared to the pristine composite plate. The propagation characteristics and 
wavenumbers would be modified due to the thickness and layup change.  
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Figure 7.13: Comparison of FEM frequency-wavenumber spectrums at bottom surface 
between one delamination and two delaminations.  
The depth of delamination was estimated by fitting the newly wavenumber 
components with the theoretical dispersion curves of the sub-laminates due to the 
delamination. Theoretical dispersion curves of the sub-laminates were calculated using the 
ply-level material properties and layup. For example, the layups of bottom 4 layers and 8 
layers for this specific specimen are [-45/90/45/0] and [-45/90/45/0/-45/90/45/0], 
respectively. From the wavenumber spectrum of one delamination, it can be found that the 
new frequency-wavenumber components are mainly related to the A0 mode in the bottom 
four [-45/90/45/0] layers. Therefore, the delamination depth can be estimated above the 
bottom 4th ply. On the other hand, besides the new wavenumber in bottom 4 layers, 
additional new frequency-wavenumber components corresponding to the bottom 8 layers 
was identified for the case of two delaminations, this is due to the presence of additional 
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New wavenumbers:  
Green line: A0 in bottom 4 layers 
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delamination between plies 16 and 17 (above bottom 8th ply) for the two delaminations 
case. In addition, strong new negative wavenumber due to the trapped waves in the 
delamination regions was observed when an additional delamination exists, which 
indicates that the more delamination, the stronger wave energy trapped.  
The study in this section has confirmed that as waves propagate through a 
delamination region and they can be trapped in the delamination, generating new 
wavenumbers. These new wavenumbers measured on the composite surface close to the 
delamination can be used to detect the delamination depth. Moreover, the new negative 
wavenumber due to the trapped waves is potentially related to the delamination severity. 
7.5 EXPERIMENTAL VALIDATIONS 
7.5.1 EXPERIMENTAL SETUP  
Figure 7.14 shows the experimental setup of the hybrid SLDV-PWAS 
measurements. Two PWAS transducers (STEMINC SM412, 7 mm diameter, and 0.5 mm 
thick) were mounted on the bottom surface to excite guided wave propagating in the 3-mm 
quasi-isotropic composite plate. The function generator (Tektronix AFG3052C) was used 
to generate a three-count Hanning window modulated tone burst with the center frequency 
of 200 kHz, which was amplified to 120 Vpp by the power amplifier (NF HSA4014) and 
applied to the PWAS transducers. Guided waves generated by the PWAS propagated in 
the composite plate, interacted with delaminations, and were measured by the SLDV 
(Polytec PSV-400-M2). The quantity measured by SLDV is the out-of-plane velocity. A 




Figure 7.14: Experimental setup of the hybrid SLDV-PWAS measurements. 
7.5.2 EXPERIMENTAL WAVEFIELD  
From the FE simulation results, it can be found that strong wave interaction was 
observed when the measured surfaces are close to the delaminations. In this experiment, 
two SLDV area scans on the bottom surface were conducted for both one and two 
delaminations to investigate the wave damage interaction. Figure 7.15(a) and (b) show the 
transient spatial wavefields for one delamination and two delaminations, respectively. At 
25 μs after the initial excitation, the lower amplitude S0 mode with a fast speed and a long 
wavelength, and the higher amplitude A0 mode with a slow speed and a short wavelength 
can be clearly identified for both one and two delaminations, which agree well with the 
FEM predictions. Additionally, weak trapped waves due to the S0 interactions with the 
delaminations were noted. 
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Figure 7.15: Comparison of the experimental transient spatial wavefield in the composite 
plate showing the out-of-plane velocity on the bottom surface: (a) one delamination; (b) 
two delaminations. 
At 75 μs, after A0 waves interact with the multilayer delaminations, stronger 
trapped waves in the delamination regions were clearly observed, which are consistent with 
the simulation results in Figure 7.10. This is known as the wave trapping phenomenon. The 
approximate sizes of one and two delaminations can be easily evaluated from the trapped 
waves in the delamination regions, which agree with the design in section 7.2. Further, the 
energy distributions of the wavefields were calculated to visualize the delaminations, as 
shown in Figure 7.16. It was found that the approximate sizes of one and two delaminations 
can be estimated from the trapped waves in the delamination regions. However, it is not 
(a) 
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possible to separate the one and two delaminations by directly comparing the transient 
spatial wavefield. However, it is not possible to separate the one and two delaminations by 
directly comparing the transient spatial wavefield. Therefore, wavenumber analysis was 
used to further analyze the experimental guided wavefield to compare with the results of 
FE simulations. 
 
Figure 7.16: Comparison of the energy distribution of the wavefield in the composite plate: 
(a) one delamination; (b) two delaminations. 
7.5.3 WAVENUMBER ANALYSIS 
First, SLDV line scans were carried out across the delamination regions on the top 
surface for both one and two delaminations. The time-space wavefields obtained on the top 
surface were given in Figure 7.17. Comparing to the out-of-plane FE wavefield in Figure 
7.11(a) and (b), both wavefields show the existence of the higher amplitude A0 mode with 
a slow speed and the lower amplitude S0 mode with a fast speed. The experimental 
wavefield is much more dispersive than the FE simulations. Reflections were clearly 
observed at the delamination boundaries for both one and two delaminations  
(b) 





Figure 7.17: Time-space wavefield comparison of SLDV measurements on top surface: (a) 
one delamination; (b) two delaminations. 
To obtain the experimental frequency-wavenumber spectrums, the measured time-
space wavefields at the top surface were transformed into the frequency-wavenumber 
domain by 2D FFT. Figure 7.18 shows the comparison of experimental frequency-
wavenumber spectrums at the top surface between one and two delaminations. Strong 
incident A0 mode (positive wavenumber) was observed in the frequency-wavenumber 
spectrums and agrees well with the theoretical dispersion curves (black lines in the 
spectrums). Comparing with the result of one delamination, a stronger negative 
wavenumber was clearly observed for the case of two delaminations, which agrees well 
with the simulation in Figure 7.12. Experimental results confirmed that the more 
delamination, the stronger reflections. However, no obvious new wavenumbers can be 
observed in the wavenumber spectrum at the top surface, because it is far away from the 
delaminations.  
(a) (b) 
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Figure 7.18: Frequency-wavenumber spectrum comparison of SLDV measurements on top 
surface between one delamination and two delaminations. 
The delamination ply depth can be identified when new wavenumbers are present 
in the wavenumber spectrum. To characterize the depth of the delaminations, SLDV line 
scans across the delamination region on the bottom surface were conducted. The time-
space wavefield obtained on the bottom surface were shown in Figure 7.19. The wavefield 
shows the higher amplitude A0 and the lower amplitude S0 mode as well. Similar to the 
simulation results in Figure 7.11(c) and (d), new strong trapped waves within the 
delamination regions can be clearly observed in both cases. To obtain the experimental 
frequency-wavenumber dispersion curves, the measured time-space wavefield was 
transformed into the frequency-wavenumber domain. 
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Figure 7.19: Time-space wavefield comparison of SLDV measurements on bottom surface: 
(a) one delamination; (b) two delaminations. 
 
Figure 7.20: Frequency-wavenumber spectrum comparison of SLDV measurements on 
bottom surface between one delamination and two delaminations. 
Figure 7.20 shows the comparison of experimental frequency-wavenumber 
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components (both positive and negative) can be clearly observed, which agree well with 
the simulation results in Figure 7.13. The new wavenumber components are correlated to 
the wave propagation in the delamination regions. Comparing to the simulation, the 
experimental spectrum of one delamination also confirmed that the new wavenumber 
components are related to the A0 mode in the bottom four [-45/90/45/0] layers. Thus, the 
delamination was detected above the bottom 4th ply. From the experimental spectrum of 
two delaminations, besides the new wavenumber in bottom 4 layers, additional new 
wavenumber components related to the A0 mode in the bottom 8 layers were also observed 
for the case of two delaminations. Because there is an additional delamination between 
plies 16 and 17 (above bottom 8th ply).  
Note that the new negative wavenumbers in the SLDV results are weaker than that 
in FE simulation (Figure 7.13). It is expected that this is due to the differences between 
Teflon inserts for the simulated delaminations in the experiment and the node detachment 
(zero volume delamination) in the simulation. The experimental results validate that strong 
new negative wavenumber due to the trapped waves in the delamination regions was 
observed when an additional delamination exists, which agree well with the simulation 
results. It demonstrates that the more delamination, the stronger wave energy trapped. 






CHAPTER 8  
MODELING OF GUIDED WAVE INTERACTION WITH DAMAGE IN COMPOSITES 
This chapter presents the hybrid global local (HGL) approach for the efficient 
simulation of guided wave propagation and interaction with damage in composites. The 
development of computational models for guided wave propagation and interaction with 
damage is of great importance for structural health monitoring (SHM) system design. The 
effective design of SHM systems requires the exploration of a wide range of parameters 
(transducer size, interrogating wave characteristics, damage types, etc.) to achieve the best 
detection and quantification of certain damages. On the other hand, active sensing signals 
using guided waves are usually difficult to interpret due to the multi-modal, dispersive, and 
directional dependent nature of guided waves propagating in composites, and their 
interaction with damage, which involves complicated scattering and mode conversion 
phenomena. Practical applications have imposed three main requirements on the 
computation models: (1) accuracy for high frequency, short wavelength, and long 
propagation distance waves; (2) efficiency in terms of computation time and computer 
resources; (3) versatility, the capability of exploring a wide range of parameters. 
8.1 INTRODUCTION 
The development of computational models for guided wave propagation and its 
interaction with damage is important to the SHM system design and sensing signal 
interpretation. Damages in composites are more critical than those in metallic materials. 
Complex wave-damage interaction scenarios may happen in composites. Various damage 
 
210 
modes exist (e.g., delamination, fiber waviness, and matrix cracking) and their detection 
and characterization are rather difficult. These wave-damage interaction phenomena need 
to be well understood to effectively extract the damage effect from the response signals.  
Regarding the aspect of wave-damage interaction, many researchers have 
developed analytical models using Kirchhoff, Mindlin, Kane-Mindlin plate theory, and 3-
D elasticity solution or exact Lamb mode solutions (Norris and Vemula 1995; Vemula and 
Norris 1997; Wang and Chang 2005; Moreau 2012; McKeon and Hinders 1999; Grahn 
2003). The advantage of analytical models is that they are fast, efficient, and capable of 
providing parametric studies, but the drawback is that they only apply to simple damage 
geometries such as through circular holes, partial-through circular holes, or flat-bottom 
cavities in isotropic materials. To model the wave-damage interaction in complicated 
structures, some researchers have adopted numerical methods, such as finite element 
method (FEM) (Alleyne and Cawley 1992; Moreau et al. 2012; Shen and Giurgiutiu 2014; 
Mei and Giurgiutiu 2019b), boundary element method (BEM) (Cho 2000), spectral element 
method (SEM) (Ostachowicz et al. 2012), and local interaction simulation approach (LISA) 
(Lee and Staszewski 2007; Nadella and Cesnik 2013). However, these methods usually 
require the discretization of the analyzed domain and the time marching procedure. For 
high frequency, short wavelength, and long propagation wave simulations, considerably 
minor marching step and dense discretization are required to obtain an accurate solution, 
which can make the target problem computationally prohibitive. 
To make the computation load manageable, hybrid modeling techniques have been 
proposed to develop efficient simulation schemes. Promising results have been achieved 
for bulk wave scattering from an axisymmetric inclusion and Lamb wave interaction with 
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cracks in rivet holes (Goetschel et al. 1982; Chang and Mal 1999). However, these studies 
considered bulk wave or single wave mode interaction with damage, and used conventional 
wedge transmitters and bulky accelerometers as receivers. Terrien et al. (2007) investigated 
the optimization of hidden corrosion detection in aircraft structures using guided waves. In 
their study, they adopted a 1D wave propagation hybrid model to predictive the structural 
response, combining a local 2D FEM with global 1D wave mode decomposition. Moreau 
and Castaings (2008) used orthogonally relation to reduce the size of FEM to obtain 3D 
guided wave scattering features. Gresil and Giurgiutiu (2013) investigated the hybrid 
global/local (HGL) concept in time domain, and achieved promising results. However, this 
model requires interface matching between analytical and local FEM, and time-domain 
HGL has to be re-run for each test frequency. Obenchain and Cesnik (2014) used a hybrid 
global matrix/local interaction simulation approach for modeling wave propagation in 
composites. The formulation uses a finite difference technique and requires time marching 
procedure. Shen and Giurgiutiu (2016) developed a combined analytical/FEM approach 
(CAFA) for the accurate, efficient, and versatile simulation of 2D guided wave propagation 
and interaction with damage in isotropic plates. CAFA used a global analytical solution to 
model wave generation, propagation, scattering, mode conversion, and detection, while the 
wave-damage interaction coefficients (WDIC) were extracted from harmonic analysis of 
local FEM with non-reflective boundaries (NRB).  
Recently, the semi-analytical finite element (SAFE) approach has been developed 
to model guided wave propagation and interaction with damage in composites. (Srivastava 
2009). Srivastava (2009) combined the SAFE approach with local finite element models to 
simulate wave interaction with damage in composites for 1D guided wave propagation 
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problems. However, the simulation of 2D guided wave propagation and interaction with 
damage in composites has not been achieved. In this chapter, we develop a new HGL 
approach for the accurate, efficient, and versatile simulation of 2D guided wave 
propagation and interaction with damage in composites. In this approach, the very efficient 
SAFE approach is employed to model 2D guided wave excitation and propagation in the 
global domain, while the WDIC is extracted from a harmonic analysis of local FEM in the 
damaged regions. 
8.2 HGL APPROACH FOR GUIDED WAVE INTERACTION WITH DAMAGE 
8.2.1 OVERVIEW 
Guided wave generation, propagation, damage interaction (scattering, mode 
conversion), and detection are modeled using the semi-analytical finite element (SAFE) 
approach, while the wave damage interaction coefficients (WDIC) to describe damage 
effect are extracted from the harmonic analysis of local small-size FEM models with non-
reflective boundaries (NRB) (Shen and Giurgiutiu 2016). Figure 8.1 shows the HGL 
approach for the simulation of 2D guided wave interaction with damage in composites.  
 
Figure 8.1: Overview of hybrid global/local (HGL) approach. 
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HGL approach couples the global SAFE method with the local small-size FEM 
solution through WDIC. It combines the virtues of both SAFE and numerical methods: the 
SAFE approach provides high calculation efficiency, a wide parameter exploration 
capability, and applicability for isotropic and composite structures, while FEM models 
have the ability to simulate the damage with complicated geometries.  
 
Figure 8.2: Schematic of guided-wave frequency dependent complex-valued wave damage 
interaction coefficients (WDIC) (Modified from Shen 2014). 
Figure 8.2 shows a typical active sensing procedure via the PWAS and scanning 
laser Doppler vibrometer (SLDV) approach. Under electrical excitation, the PWAS 
transducer generates guided waves into the host structure. They propagate along the 
structure, interact with damage, undergo scattering and mode conversion, and are finally 
picked up by SLDV. 
In the predictive framework, the received signal is comprised of two parts: (1) direct 
incident waves from the PWAS; (2) scattered waves from damage. Thus, damage can be 
modeled as a secondary wave source. The total wavefield TOTALW  is the superposition of 
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 TOTAL IN SCW W W   (8.1) 
The frequency and direction dependent complex-valued WDIC were utilized to 
model the scattering and mode conversion phenomena of wave-damage interaction. These 
WDIC are capable of describing the scattered waves amplitude and phase as a function of 
frequency and direction. 
The notations of WDIC are as follows: two letters are used to describe the 
interaction phenomena, with the first letter denoting the incident wave mode, and the 
second letter standing for the resulting wave mode. For instance, SS (symmetric-symmetric) 
means the incident symmetric waves are scattered as symmetric waves, while SA 
(symmetric-antisymmetric) means incident symmetric waves are scattered and mode 
converted into antisymmetric waves. Thus WDIC    , ,, , SSiSSC e
   
  

 denotes the 
scattered symmetric mode generated by incident symmetric mode with amplitude ratio 









the scattered antisymmetric mode generated by incident symmetric mode with amplitude 
ratio  , ,SAC     and phase shift  , ,SA    .   is the wave component frequency and 
  represents the scattering angle with respect to the incident wave direction  . These 
coefficients are determined by damage features and are calculated from the local small-size 
FEM harmonic analysis, which will be introduced later. 
8.2.2 2D HGL FRAMEWORK CONSTRUCTION 
Figure 8.3 shows the predictive framework flowchart. The computational model 
was constructed in the frequency domain based on the global SAFE approach for 2D guided 




Figure 8.3: HGL framework flowchart. 
STEP 1: Perform Fourier transform of the time-domain excitation signal ( )TV t  to obtain 
the frequency domain excitation spectrum ( )TV  . 
STEP 2: Calculate structural transfer function.  
Detailed derivation of 2D guided wave propagation generated by a circular PWAS is given 
in Ref. (Mei and Giurgiutiu 2019a) 
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where   is the group-velocity direction and r  is the distance between the point of interest 
and PWAS. The superscripts S and A refer to symmetric and antisymmetric guided wave 
modes. In this study, only the two fundamental modes, S0 and A0, are present. 
STEP 3: Multiply the structural transfer function by the frequency-domain excitation signal 
to obtain the direct incident waves at the sensing location, where the distance INR  from 
PWAS up to sensing location is used. Similarly, multiply the structural transfer function 
up to the damage location by the frequency-domain excitation signal to obtain the 
interrogating waves arriving at the damage, where the distance DR  from PWAS up to the 
damage location is used. 
       , , ( ) , , , ,S AIN IN IN T IN IN IN INu R V G R G R         (8.4) 
       , , ( ) , , , ,S AD D D T D D D Du R V G R G R         (8.5) 
It can be noticed that the direct incident wavefield is the superposition of S0 and A0 wave 
modes. 
STEP 4: Scattered wave source at the damage location is obtained by modifying incident 
waves at the damage with the WDIC obtained from local FEM analysis. 
        , , , ,, , , ,SS D AS Di iS S AN SS D D AS D Du C e u C e u
       
     
 
   (8.6) 
        , , , ,, , , ,SA D AA Di iA S AN SA D D AA D Du C e u C e u
       
     
 
   (8.7) 
where S
Nu  and 
A
Nu  represent the S0 and A0 damage generated wave sources respectively. 
These scattered waves are transferred from damage up to the sensing point. The 2D guided 
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wavefield eradiating from a point source takes the following solution (Glushkov et al. 
2011): 









  (8.8) 
where  na z  is the thickness dependent modeshape of wave mode number n . Since the 
amplitude relationship between the interrogating waves and the scattered waves is enclosed 
in the WDIC, the transfer function from the damage up to the sensing point is simply 
   10 SCH R  , where SCR  is the distance from the damage up to the sensing location. Thus, 
the scattered waves arriving at the sensing point can be calculated. 
        1 10 0;S S S A A ASC N SC SC N SCu u H R u u H R    (8.9) 
STEP 5: The total wavefield at the sensing location is the superposition of the direct 
incident waves calculated from Eq. (8.4) and the scattered waves calculated from Eq. (8.9). 
 TOTAL
z IN SCu u u   (8.10) 
It should be noted that the total wavefield obtained in Eq. (8.10) is the out-of-plane wave 
displacement. Since laser vibrometer measures the out-of-plane particle velocity, this 
displacement needs to be converted into velocity. 
STEP 6: The out-of-plane velocity was calculated by differentiating the out-of-plane 
displacement with respect to time. Through this differentiation, the wave amplitude will be 














   
 
 (8.11) 




  , , , , , ,TOTAL TOTALz IN D SC IN D zu R R R i u       (8.12) 
STEP 7: Perform inverse Fourier transform to obtain the time-domain sensing signal. 
    , , , , , , , , , , , ,TOTAL TOTALz IN D SC IN D z IN D SC IN Du t R R R IFFT u R R R           
  (8.13) 
In this study, we focused our attention on fundamental modes (S0 and A0), which find the 
widest application in the guided wave based SHM. However, higher-order modes (S1, A1, 
S2, A2, etc.) and shear horizontal (SH) modes from wave-damage interaction may also 
exist. The framework can be easily extended to consider these aspects under the same 
principle.  
8.2.3 EXTRACTION OF WDIC FROM LOCAL FEM 
8.2.3.1 Local Finite Element Model 
Non-reflective boundaries (NRB) developed in ref. (Shen and Giurgiutiu 2015) can 
eliminate boundary reflections, and thus allow for simulation of guided wave propagation 
in an infinite medium with small-size models. This NRB application was employed to 
analyze harmonic responses, to calculate the steady-state response under sinusoidal loads. 
NRB are used in the FEM harmonic analysis to simulate continuous harmonic waves that 
are incident to a region of interest, as well as waves scattering from arbitrary damage. This 
analysis can be performed for any specific frequency of interest.  
The steady-state amplitude and phase information facilitates the extraction of 
WDIC    , ,, , iC e        . In order to extract WDIC for a certain wave mode, a pair 
of harmonic analyses needs to be conducted: a pristine case and a damaged case. Since this 
study focused on fundamental S0 and A0 wave interaction with damage, two pairs of (a 
total of four) harmonic analyses need to be performed. Figure 8.4 shows the small-size 
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FEM pair designed for a 2.032-mm thick aluminum plate. Each model is 100-mm long, 
100-mm wide, and 2.032-mm thick, with a 30 mm wide NRB covering each boundary. A 
6-mm-diameter through-thickness hole is introduced in the damaged plate. 
 
Figure 8.4: Small-size local FEM pair for WDIC extraction. 
Figure 8.4 also shows the loading nodes and the sensing nodes. The loading nodes 
are aligned to create a straight crested harmonic incident wavefield, which is a good 
approximation when the damage is located far away from the excitation source. In the 
pristine model, a circle of sensing nodes and one center sensing point are designed to collect 
the structural harmonic response. The center sensing point records the incident waves 
arriving at the damage location. In the damaged case, only a circle of sensing nodes, with 
the same location as the pristine model, are used to collect the response data. The design 
of the circular positioned sensing nodes allows us to extract information for all the 
directions of interest. We imposed wave mode excitation through nodal forces by 
evaluating integrals of stress modeshape components on the loading nodes. The stress 
modeshapes were obtained for each calculation frequency. Then, the stress modeshapes 
were converted to nodal forces through boundary integration on each element along the 
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A simple through-thickness hole is shown in Figure 8.4. The geometry is kept 
simple to ensure consistent FEM and experimental models, but complex enough to 
represent general wave-damage interaction phenomena, which have many mode 
conversion possibilities. It should be noted that different types of damage would have 
different scattering characteristics; this will require a corresponding local damage model 
for WDIC extraction. 
8.2.3.2 WDIC Extraction Procedure 
When guided waves arrive at damage, they will be scattered and mode converted. 
The scattered wavefield, by its nature, can be regarded as the superposition of waves 
generating from distributed point sources around the damage contour. The constructive or 
destructive interference among these waves is the cause of scattered wavefield 
directionality and phase lead or delay. We used frequency and direction dependent 
complex-valued WDIC to represent the wave scattering phenomena.  
 
Figure 8.5: Extraction of WDIC from small-size FEM. 
Figure 8.5 shows the schematic of the sensing region from the small-size FEM for 












According to Eq.(8.1), the scattered wavefield can be obtained by the subtraction of the 
incident waves from the total waves. 
 SC TOTAL INW W W   (8.14) 
The data of sensing nodes in the pristine model is the incident wavefield, while the 
data from the damaged model represents the total wavefield containing both incident and 
scattered waves. Thus, the subtraction of the data between these two models provides the 
scattered wavefield in all directions. Using Eq. (8.14) and a transformation from Cartesian 
to polar coordinate system, we calculated the scattered wave displacements at the top and 
bottom surface sensing nodes in the out-of-plane direction ( T
zu  and 
B
zu ). We can separate 
and selectively represent each wave mode as follows: 
 0 0;
2 2
T B T B
S Az z z z
SC SC
u u u u
u u
 
   (8.15) 
The incident wave arriving at the damage location is recorded by the center sensing 
point and denoted as INu . The relationship between the incident wave arriving at the 
damage and the scattered wave picked up on the sensing boundary can be formulated as: 
            
NM
MN , , 1M N N
MN 0, ,
SCIN i ii
IN SCu e C e H r u e
          
 






 is the M mode incident wave recorded by the center sensing node with 
amplitude and phase information;    MN , ,MN , ,
i
C e
   
  

 is the WDIC, containing mode 
conversion (M mode to N mode), direction dependency, amplitude ratio, and phase 
relationship information. The first kind Hankel function of order zero,    1 N0H r , 
represents the outward propagating 2D wavefield of the resulting scattered wave mode N 
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 is the resulting scattered 
waves recorded on the sensing circle with scatter angle, amplitude, and phase information. 
The harmonic analysis of the small-size FEM can provide the incident and scattered 
wave amplitude-phase information in Eq. (8.16), with    MN , ,MN , ,
i
C e
   
  

 left as the 
only unknown term. Upon rearrangement, Eq. (8.16) becomes 
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  (8.17) 
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 (8.18) 
8.2.3.3 Examples of WDIC 
Figure 8.6 shows an example of S0 wave interaction with through hole at 200 kHz. 
The first row shows the amplitude coefficients and the second row shows the phase 
coefficients. It can be observed that the interaction between the incident S0 wave and the 
hole only involves scattered S0 wave, no mode conversion occurs for this symmetric 
through-thickness hole. In addition, the amplitude and phase coefficients are different for 
each scattering direction, i.e., they are heavily direction-dependent. Figure 8.7 shows the 
WDIC for the incident A0 wave at 200 kHz. Similar scattering without mode conversion 

















Figure 8.7: WDIC example of A0 mode wave interaction with a 6-mm-diameter hole at 
200 kHz. 
The calculation of amplitude coefficients has been investigated in many references 
with various methods, but the estimation of phase coefficients has been ignored by previous 
researchers. The phase coefficients are of great significance in simulating wave-damage 
interaction because they represent the constructive or destructive superposition of incident 
and scattered wavefields (Shen 2014). Figure 8.8 shows the AAC  amplitude coefficient and 
AA   phase coefficient under various diameter d to wavelength   ratios ( R d  ). It can 










Figure 8.8: WDIC example of A0 wave interaction with hole at different diameter (d = 6 mm) to wavelength λ ratios R. 
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R = 0.9 
 under various ratios   
R = 1.1 
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 under various ratios  
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8.2.3.4 WDIC Verification using Analytical Model in Isotropic Plates 
In this section, the analytical model of A0 wave scattering at through hole presented 
in (Mei and Giurgiutiu 2019b) is used to verify the numerical accuracy of the FEM 
simulation conducted in section 8.2.3.3. The analysis provided a comprehensive 
verification of the FEM model, which will be experimentally validated in the later section. 
Without loss of generality, a range of diameter to wavelength ratios R is considered. The 
analytical WDIC were compared with the FEM results for the through hole with R equals 
to 0.9, 1.0, and 1.1, as shown in Figure 8.9 (a), (b), and (c), respectively. WDIC of FEM 
simulation are indicated by solid lines. The circles are calculated from the analytical model 
for 0 360     with 5  step increments. It can be found that a very good agreement 
between the two results is observed, which proves the accuracy of the local small-size FEM 
simulation for WDIC extraction. 
 
Figure 8.9: Comparison between analytical (circles) and FEM simulation (solid lines) 
results for the WDIC of through hole with diameter (d) to wavelength (λ) ratios R = (a) 0.9, 
(b) 1.0, (c) 1.1. 
8.3 EXPERIMENTAL VALIDATIONS OF WAVE-DAMAGE INTERACTION 
In this section, experiments for HGL validation are presented. The comparison 
results are shown for wave propagation in aluminum plates with different types of damage. 
A0 A0 A0 
(a) (b) (c) 
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8.3.1 EXPERIMENTS WITH SCANNING LASER DOPPLER VIBROMETER 
Figure 8.10 shows the experimental setup. The function generator was used to 
generate a three-count Hanning window modulated tone burst, which was amplified to 50 
Vpp by the power amplifier and applied to the PWAS. Guided waves generated by the 
PWAS propagated along the structure, interacted with the damage, and were measured by 
a Polytec PSV-400 scanning laser Doppler vibrometer (SLDV). The quantity measured by 
the SLDV is the out-of-plane velocity of top surface. The reflective tape was used to 
improve signal quality. An area scan of the specimen surface was carried out for the 
aluminum plates with through hole and with corrosion damage. The locations of the PWAS, 
damage, and special recording points are illustrated in Figure 8.10.  
 
Figure 8.10: Experimental setup with scanning laser Doppler vibrometer (SLDV). 
8.3.2 WAVE PROPAGATION AND INTERACTION WITH THROUGH HOLE 
The HGL simulation of guided wave interaction with through hole is performed 
using the extracted WDIC.  
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Figure 8.11: Comparison of wavefield showing S0 and A0 guided waves interacting with 
through hole: (a) HGL prediction; (b) experiment. 
Figure 8.16 shows the comparison of a transient spatial wavefield between HGL 
prediction and experiment in the aluminum plate with hole. It can be observed that a very 
good match is achieved. At 30 μs, the fast propagating S0 mode with a long wavelength 
and the slowly propagating A0 mode with a short wavelength can be clearly identified. No 
obvious scattered wave from S0 interaction with the through hole can be noticed. At 50 μs, 
after A0 waves interact with the through hole, the scattered A0 waves can be observed as 
well as the shadow behind the hole. This shadow effect is caused by the destructive 
superposition between the incident A0 waves and the scattered A0 waves. It should be 
noted that there are measurement artifacts due to boundaries between reflective tape strips. 
Figure 8.12 shows the waveform validation results at various sensing locations for a 200 
kHz excitation. It can be observed that HGL predictions match well with experimental 
measurements. The signals at location #1, #2, and #3 show that the scattered A0 wave 
amplitude increases when the sensing location moves closer to the hole.  
(a) HGL prediction 
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Figure 8.12: HGL prediction (solid line) validation with experiments (dotted line). 200 kHz 
signals at locations #1, #2, and #3 shown in Figure 8.10. 
8.3.3 WAVE PROPAGATION AND INTERACTION WITH CORROSION DAMAGE 
In this section, simulated corrosion damage was made on an aluminum plate to 
study the wave-damage interaction phenomenon, as shown in Figure 8.13.  
 
Figure 8.13: Schematic of the corrosion damage considered in the experiment. 
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Figure 8.14: WDIC of S0 wave interaction with corrosion damage at 200 kHz. 
First, the local small-size FEM simulation was conducted to extract the WDIC of 
the corrosion damage. Figure 8.14 shows an example of S0 wave interaction with corrosion 
damage at 200 kHz. The first row shows the amplitude coefficients and the second row 
shows the phase coefficients. It can be observed that the interaction between the incident 
S0 wave and the corrosion damage not only involves scattered S0 wave but also involves 
mode converted A0 wave. Figure 8.15 shows the WDIC for the incident A0 wave at 200 
kHz. Similar scattering, mode conversion, and direction-dependency phenomena can be 










Figure 8.15: WDIC of A0 wave interaction with corrosion damage at 200 kHz. 
The HGL simulation of guided wave interaction with corrosion damage is 
performed using the extracted WDIC. Figure 8.16 shows the comparison of a transient 
spatial wavefield between HGL prediction and experiment in the plate with corrosion 
damage. It can be observed that the HGL results agree well with experimental SLDV 
measurement. At 30 μs, the fast propagating S0 mode with a long wavelength and the 
slowly propagating A0 mode with a short wavelength can be identified. The mode 
converted A0 waves can be noticed, propagating with a short wavelength from S0 







conversion. At 50 μs, after A0 waves interact with damage, the scattered A0 waves can be 
observed as well as the shadow behind the corrosion damage. This shadow effect is caused 
by the destructive superposition between the incident A0 waves and the scattered A0 waves. 
This also illustrates the importance of obtaining phase information in the WDIC. It should 
be noted that there are measurement artifacts due to boundaries between reflective tape 
strips. 
 
Figure 8.16: Comparison of wavefield in the aluminum plate with corrosion damage, 
showing S0 and A0 guided wave modes interacting with damage: (a) HGL prediction; (b) 
experiment. 
Figure 8.17 shows the waveform validation results at various sensing locations for 
a 200 kHz excitation. It can be observed that HGL predictions match well with 
experimental measurement. The signals at location #1, #2, and #3 show that the scattered 
A0 wave amplitude increases when the sensing location moves closer to the damage. The 
signal at location #4 shows the mode converted A0 wave packet from the S0 interaction 
with damage. 
(a) HGL prediction 
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(b) SLDV measurement 
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The results demonstrated in the previous sections are from examples of a 200 kHz 
excitation. To illustrate the accuracy of HGL simulation for various frequencies, we 
compared HGL predictions with experimental results for 150 kHz, 200 kHz, and 250 kHz 
excitations.  
 
Figure 8.17: HGL prediction (solid line) validation with experiments (dotted line). 200 kHz 
signals of damaged plate at locations #1 through #5 shown in Figure 8.10. 
Figure 8.18 shows the signal comparison in the damaged plate under 150 kHz, 200 
kHz, and 250 kHz at location #4. The HGL predictions for the test frequencies match well 
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with experimental measurements. At low frequencies, i.e. 150 kHz, the damage effect is 
not clear, but at higher excitation frequencies, the damage effect can be distinguished 
clearly. This illustrates the importance of choosing the right interrogation frequency. 
 
Figure 8.18: Test for various frequencies in the damaged plate at location #4. 
8.4 GUIDED WAVE INTERACTION WITH DAMAGE IN COMPOSITES 
8.4.1 GUIDED WAVE INTERACTION WITH THROUGH HOLE IN COMPOSITES 
In this section, the harmonic analysis of small-size FE models was extended to 
extract WDIC for composites. Similarly, a pair of harmonic analyses needs to be conducted: 
a pristine case and a damaged case. Figure 8.19 shows the schematic of through hole for a 




























stacking sequences of [0]8. The stiffness matrix C  and material density of the 












145.3 7.2 7.2 0 0 0
7.2 15.3 7.9 0 0 0
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0 0 0 3.7 0 0
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0 0 0 0 0 5.7
C  (8.19) 
In this FEM simulation, a 10-mm through hole is introduced in the damaged plate. 
The dimension of the FE models is 100 mm × 100 mm × 1.8 mm. 3D solid elements 
(SOLID185) were employed to mesh the composite plate. COMBIN14 spring-damper 
elements were used to construct the NRB. A Rayleigh damping (β = 3×10-8) was considered 
to simulate the damping effect of the composite material. The stiffness proportional 
damping coefficient β introduces damping proportional to the strain rate, which can be 
thought of as damping associated with the material itself. Similarly, we imposed wave 
mode excitation through nodal forces by evaluating integrals of stress modeshape 
components on the loading nodes. The stress modeshapes were obtained for each 
calculation frequency using the semi-analytical finite element (SAFE) method. 
 
Figure 8.19: Schematic of the through-thickness hole in a 1.8-mm-thick unidirectional 






8.4.1.1 WDIC of Through Hole in the Unidirectional Composite Plate 
Figure 8.20 shows a WDIC example of A0 wave interaction with the through hole 
at 120 kHz in the unidirectional CFRP composite plate. The first row shows the amplitude 
coefficients and the second row shows the phase coefficients. It can be observed that the 
interaction between the incident A0 wave and the through hole only involves scattered A0 
wave, no mode conversion can be found for this symmetric through-thickness hole.  
 
Figure 8.20: WDIC example of A0 wave interaction with a 10-mm-diameter hole at 120 
kHz in the unidirectional composite plate. 
The WDIC pattern is symmetric with respect to the 0º direction. The amplitude and 







dependent. It can be seen that the scattering energy is mainly concentrated in the fiber 
directions (0º and 180º). This is due to the anisotropic behavior of the unidirectional 
composite plate. The material behavior in the 0º and 180 º directions are dominated by the 
fibers, which are much stiffer compared to the polymeric matrix in the transverse directions 
(90º and 270 º directions). Figure 8.21 shows an example of S0 wave interaction with 
through hole at 120 kHz in the composite plate. The amplitude and phase coefficients are 
plotted. Similar scattering without mode conversion and direction-dependency phenomena 
can be noticed in the coefficient patterns. 
 
Figure 8.21: WDIC example of S0 wave interaction with a 10-mm-diameter hole at 120 








Figure 8.22 shows the WDIC amplitude coefficient of A0 wave interaction with the 
through hole in the unidirectional composite plate at various frequencies. It can be observed 
that WDIC are frequency-dependent and the scattering energy mainly travels along the 
fiber directions in this unidirectional CFRP composite plate at various frequencies.  
 
Figure 8.22: WDIC of A0 wave interaction with the through hole in the unidirectional 
composite plate at different frequencies: (a) 150 kHz, (b) 200 kHz, (c) 250 kHz. 
8.4.1.2 Multi-physics Finite Element Model 
Figure 8.23 shows the multi-physics finite element model for the modeling of 2D 
guided wave propagation and interaction with 10-mm through hole in the 1.8-mm 
unidirectional composite plate. To minimize the calculation burden, NRB were 
implemented around the model. We used SOLID5 coupled field elements to simulate the 
piezoelectric effect of PWAS, SOLID185 eight-node structural solid element to mesh the 
composite plate, and COMBIN14 spring-damper element to construct the NRB. The mesh 
size adopted in this study is 1 mm for in-plane direction and 0.45 mm for thickness direction. 
The PWAS and damage regions were meshed with even smaller elements to accommodate 
the high-stress gradient. A total of 423,468 elements were used. The time step was set to 
0.25 μs. The excitation signal is a three-count tone burst at the central frequency of 120 
kHz. 
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Figure 8.23: Multi-physics finite element model for wave interaction with through hole in 
the 1.8-mm unidirectional composite plate. 
8.4.1.3 Comparison between HGL Prediction and FEM Simulation for Wave Propagation 
and Interaction with Through Hole in Composites 
Figure 8.24 shows the comparison of a transient spatial wavefield between HGL 
prediction and FEM simulation in the 1.8-mm unidirectional composite plate with a 10-
mm-diameter through hole.  
 
Figure 8.24: Comparison of the wavefield in the composite plate with a 10-mm-diameter 
through hole at 120 kHz, showing A0 waves interacting with through hole: (a) HGL 
prediction; (b) FEM simulation. 
First, a relatively good match between the HGL prediction and the FEM simulation 
is achieved. Second, no mode conversion was observed from the A0 wave interaction with 
the through hole, which is consistent with the WDIC prediction. At 80 μs, after A0 waves 
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that the calculation time of the FEM simulation is around 12 hours compared to the 10 
minutes of HGL prediction. 
8.4.2 GUIDED WAVE INTERACTION WITH DELAMINATION IN COMPOSITES 
In this section, the harmonic analysis of small-size FE models was used to extract 
WDIC of multilayer delaminations in the 3-mm quasi-isotropic composite plate used in 
chapter 7. A pair of harmonic analyses, a pristine case and a damaged case, was conducted 
for both one delamination and two delaminations. Figure 8.25 shows the schematic of the 
3-mm-thick quasi-isotropic CFRP composite plate with one delamination and two 
delaminations. For the case of one delamination in the FEM simulation, a 25-mm 
delamination is created between plies 20 and 21 by specifying the delamination as two 
planes, which are defined by the same coordinates but are not tied together. For the case of 
two delaminations, a 25-mm delamination between plies 20 and 21, and a 20-mm 
delamination between plies 16 and 17 are generated.  
 





One delamination:  
 25 mm plies 20-21 
Two delaminations:  
 20 mm plies 16-17 





The dimension of the FE models is 100 mm × 100 mm × 3 mm. 3D solid elements 
(SOLID185) were employed to mesh the composite plate. COMBIN14 spring-damper 
elements were used to construct the NRB. Similarly, we imposed wave mode excitation 
through nodal forces by evaluating integrals of stress modeshape components on the 
loading nodes. The stress modeshapes were obtained for each calculation frequency using 
the semi-analytical finite element (SAFE) method. 
8.4.2.1 WDIC of Multilayer Delaminations in the Quasi-isotropic Composite Plate 
Figure 8.26 (a) shows a WDIC example of A0 wave interaction with one 
delamination at 120 kHz in the 3-mm quasi-isotropic CFRP composite plate. It can be 
observed that the interaction between the incident A0 wave and the 25-mm delamination 
not only involves scattered A0 wave but also involves converted S0 wave. However, the 
WDIC amplitude of mode converted S0 wave is much smaller than that of scattered A0 
wave. The amplitudes are different for each scattering direction. As a point of interest, the 
scattering pattern is not symmetric with respect to the 0º direction. This non-symmetric 
behavior is due to the non-symmetric layup for sub-laminates at the delamination regions. 
Figure 8.26 (b) shows a WDIC example of A0 wave interaction with two 
delaminations at 120 kHz. It can be observed that the interaction between the incident A0 
wave and two delaminations also involves scattered A0 wave and mode converted S0 wave. 
It should be noted that the WDIC amplitude of scattered A0 wave increases significantly 
when an additional delamination appears. This is due to trapped waves within the 
delamination regions. It has been demonstrated that the more delaminations in the 
composites, the stronger wave energy is trapped. Therefore, the delamination severity can 
be identified through the WDIC analysis, which is very encouraging. In the case of a pitch-
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catch damage detection approach, it is likely that the delamination severity can be detected 
if the sensor is located in the forward direction of the incident wave. 
 
 
Figure 8.26: WDIC example of A0 wave interaction with multilayer delaminations at 120 
kHz in a 3-mm quasi-isotropic composite plate: (a) one delamination; (b) two 
delaminations. 
Figure 8.27 (a) and (b) show the WDIC example of S0 wave interaction with one 
delamination and two delaminations, respectively. Similar scattering, mode conversion, 
and direction-dependency phenomena can also be noticed in the WDIC coefficient patterns. 
It was found that WDIC amplitude of A0 wave is much larger than that of S0 wave even 
for the case of incident S0 wave. 
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Figure 8.27: WDIC example of S0 wave interaction with multilayer delaminations at 120 
kHz in a 3-mm quasi-isotropic composite plate: (a) one delamination; (b) two 
delaminations. 
Figure 8.28 and Figure 8.29 show the WDIC amplitude of A0 wave interaction with 
one and two delaminations at various frequencies. For the case of one delamination, it can 
be found that the WDIC of scattered A0 wave and mode converted S0 wave is direction 
and frequency dependent. At low frequency (below 300 kHz), scattered A0 wave is 
dominant compared to mode converted S0 wave for incident A0 wave. For the case of two 
delaminations, a similar WDIC pattern was observed. The WDIC amplitude of scattered 
A0 wave of one delamination is smaller than that of two delaminations at low frequency. 
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Figure 8.28: WDIC of A0 wave interaction with the one delamination in the quasi-isotropic 
composite plate at different frequencies. 
 
Figure 8.29: WDIC of A0 wave interaction with the two delaminations in the quasi-
isotropic composite plate at different frequencies. 














8.4.2.2 Finite Element Model for WDIC Verification 
To further verify the WDIC of multilayer delaminations extracted from harmonic 
analysis, full-scale transient FEM simulation of guided wave propagation and interaction 
with multilayer delaminations in the 3-mm quasi-isotropic composite plate was conducted. 
 
Figure 8.30: Finite element model for A0 wave interaction with multilayer delaminations 
in 3-mm quasi-isotropic composite plate. 
By extracting simulation signals along a circular line on the composite plate with 
and without delaminations, the scattered waves generated from the guided wave interaction 
with the multilayer delaminations can be determined and separated from the incident waves 
by 
      , , , , , ,S D Pz z zv r t v r t v r t     (8.20) 
where  , ,Dzv r t  and  , ,
P
zv r t  are the FEM out-of-plane velocity of guided waves at 
location  ,r   for the composite plate with and without delamination, respectively. 
 , ,Szv r t  is the out-of-plane velocity of the scattered waves from the multilayer 
delaminations. r  and   are the radial and azimuthal coordinates of the cylindrical 
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In the FEM simulation, a finite-footprint pressure excitation which matches the 
wavelength of the desired wave was used to excited pure A0 mode in the 3-mm quasi-
isotropic composite plate to verify the WDIC of incident A0 wave. The excitation signal is 
a three-count tone burst at the central frequency of 120 kHz. The transient WDIC was 
obtained by extracting the amplitude at 120 kHz from the frequency spectrum of the 
scattered signals, which are the differences between pristine signals and damaged signals 
along a circular line as shown in Figure 8.30.  
 
Figure 8.31: Comparison of transient spatial wavefield in 3-mm quasi-isotropic composite 
plate showing out-of-plane velocity on top and bottom surfaces: (a) pristine plate; (b) one 
delamination; (c) two delaminations.  
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For the pristine case in Figure 8.31(a), it can be found that a straight crested 
wavefront was generated because of the line force excitation used in the transient FEM 
simulation for this CFRP composite plate. At 70 μs, the boundary reflections were 
successfully absorbed by NRB and no reflections occurred. Figure 8.31(b) and (c) show 
the guided wave propagation and interaction with one and two delaminations on top and 
bottom surfaces. For the results on top surface, weak interactions with one and two 
delaminations were noted after A0 waves interact with the delaminations. This is because 
the top surface is far away from the delaminations as shown in Figure 8.25, guided wave 
interactions with delaminations are very weak. However, a stronger interaction was 
observed when an additional delamination appeared. For the guided wavefield at the 
bottom surface, which is close to the delaminations, strong trapped waves in the 
delamination regions can be clearly observed after A0 waves interact with the 
delaminations. Previous studies have confirmed the multiple reflections within the 
delamination region.  
 
Figure 8.32: Comparison of the scattered signals between one delamination and two 







Figure 8.32 presents the waveform and FFT comparison of the scattered waves between 
one and two delaminations in the forward direction (θ = 0º). It can be found that the 
scattered wave amplitude increases significantly both in the waveform and frequency 
spectrum when an additional delamination appears.  
 
 
Figure 8.33: Comparison between transient WDIC and harmonic WDIC at 120 kHz: (a) 
WDIC extracted from transient FEM simulation for one and two delaminations; (b) 
harmonic WDIC for one and two delaminations. 
For determining the transient WDIC of multilayer delaminations, the out-of-plane 
velocities of 180 points at 25r mm  and 0 360     with 2  step increments were 





















Figure 8.33(a) shows the transient WDIC of one and two delaminations obtained from FFT 
results at 120 kHz, respectively. It can be found that the backward scattering amplitude is 
generally smaller than the forward scattering amplitude for both one and two delaminations. 
As a point of interest, a larger forward scattering amplitude was noted when the number of 
delamination increased from one to two. Therefore, the delamination severity could be 
separated by comparing the forward scattering amplitude. Figure 8.33(b) presents the 
WDIC obtained from harmonic analysis of small-size local FEM. A good match between 
transient WDIC and harmonic analysis was achieved, which demonstrated the validity of 
the WDIC extraction from the harmonic analysis of small-size local FE models.  
8.4.2.3 Signal Prediction of Multilayer Delaminations in Composites 
In this section, the prediction of scattered signals due to the multilayer 
delaminations was conducted using HGL approach in the 3-mm quasi-isotropic composite 
plate. 
 
Figure 8.34: Comparison of scattered signal prediction between one delamination and two 
delaminations in the 5º direction showing the maximum WDIC amplitude for both 
delaminations: 120 kHz, 100 mm from the delamination center. 
Figure 8.34 shows the comparison of scattered signal prediction between one and 
two delaminations in the 5º direction, which has the maximum WDIC amplitude. It was 
Incident 




found that large scattered signals were received for both delaminations. The scattered 
signal amplitude increases when the number of delamination increases from one to two. 
This is consistent with the predicted WDIC pattern. Therefore, it is likely that the 
delaminations can be detected and identified if the sensor is located in the forward direction 
of the incident wave in the case of a pitch-catch damage detection approach. 
 
Figure 8.35: Comparison of scattered signal prediction between one delamination and two 
delaminations in the 90º direction showing small WDIC amplitude: 120 kHz, 100 mm from 
the delamination center. 
Figure 8.35 shows the comparison of scattered signal prediction between one 
delamination and two delaminations in the 90º direction, which is perpendicular to the 
incident wave. It can be found that weak scattered signals were received for both one and 
two delaminations. This is because the WDIC amplitudes in the direction perpendicular to 
the incident wave have relatively small amplitudes. It is unlikely that the delamination can 
be detected if the sensor is located along these directions in a pitch-catch method. 
8.5 PREDICTIVE TOOL: WFR 2D COMPOSITES 
The predictive tool is a general description of wave generation, propagation, 
damage interaction, and detection. Parameter exploration is made possible for PWAS size, 
structure material and thickness, sensor-damage locations, and arbitrary excitations, etc. 
Incident 
A0 wave 
90 deg. 90 deg. 
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This framework was coded with MATLAB, and a graphical user interface (GUI) called 
WFR-2D-Composites was developed. Figure 8.36 shows the interfaces of WFR-2D-
Composites. 
 
Figure 8.36: GUI of WFR-2D-Composites: (a) WFR-2D main interface; (b) damage 
information platform; (c) A0 WDIC module; (d) S0 WDIC module; (e) PWAS properties 
module; (f) spatial propagation solver. 
Figure 8.36 (a) shows the WFR-2D-Composites main interface which calculates 
real-time sensing signals as well as phase-velocity dispersion curves. The parameter control 
panel allows users to choose the material and layup and modify transmitter-damage-
sensing locations. The excitation control panel provides excitation waveform and 
frequency. Figure 8.36 (b) shows the scatter information platform for inputting wave-
(a) WFR Main Interface (b) Scatter Information  (c) A0 WDICs Module 
(d) S0 WDICs Module (e) PWAS Properties  (f) Spatial Propagation Solver 
 
252 
damage interaction coefficients (WDIC). Figure 8.36 (c) and Figure 8.36 (d) show the sub-
interfaces for loading the WDIC of S0 and A0 incidences. The PWAS properties module 
allows users to define PWAS geometric and material properties, as shown in Figure 8.36 
(e). The spatial propagation solver, shown in Figure 8.36 (f), is like a C-scan, which 
calculates the transient time-space domain wavefield. Thus, the transient spatial wavefield 
can be obtained at any instance during wave propagation. 
Users can visualize wave propagation and interaction with damage easily with the 
animation functions. Additionally, all the calculation data is available for user analysis with 
the data saving functions. With this predictive tool, an increase in computation efficiency 
for large parameter space exploration can be achieved. It may take tens of hours for 
commercial finite element software to run a full-scale simulation for an accurate solution 
of a high frequency, short wavelength, and long distance wave propagation problem, but it 
may take only several minutes to obtain the same solution with the WFR-2D-Composites 




CHAPTER 9  
PURE-MODE GUIDED WAVE DETECTION OF VARIOUS DAMAGE TYPES IN 
COMPOSITES USING ANGLE BEAM TRANSDUCERS 
This chapter presents a guided wave-based method to detect various types of 
damage in aerospace composites using angle beam transducers (ABT). First, a finite 
element (FE) simulation of pure S0 mode excitation in a crossply composite plate was 
conducted and the simulation results were validated by the experiment. For the first time, 
angle beam transducers were applied to generate pure shear horizontal (SH0) wave in a 
quasi-isotropic composite plate. Experiments using S0 or SH0 pure-mode guided waves 
were conducted to detect various types of composite damage, such as wrinkle damage in 
the crossply composite plate, multilayer delaminations by Teflon inserts, and actual impact 
damage in the quasi-isotropic composite plate. In addition, a linear scanning method using 
pure SH0 wave was also developed to estimate the sizes of delaminations and impact 
damage. Finally, a new methodology for detecting various types of composite damage 
through the application of multi-mode guided waves is presented. The pure S0 mode and 
SH0 mode are used to detect and separate the simulated delamination and actual impact 
damage. The use of pure S0 and SH0 modes allowed the damage separation. 
9.1 INTRODUCTION 
Composite materials have been widely used in aerospace structures due to their 
high specific strength and stiffness, design flexibility, and lightweight (Giurgiutiu 2007) 
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However, composite structures are prone to various types of damage, including fiber 
breakage, matrix cracking, delamination, and impact damage (Flores et al. 2017). Barely 
visible impact damage (BVID) from low-velocity impact is the most prevalent type of 
damage found in composite structures. This damage, in the form of matrix cracking, fiber 
breakage, and delamination, is invisible to the naked eye and is easily induced from various 
sources such as bird strikes, tools dropped on parts during manufacture and servicing, or 
runway debris encountered during the takeoff (Yuan et al. 2016; Yuan et al. 2014; Luca et 
al. 2018). BVID can result in a noticeable decrease in the load-carrying capability of 
composite structures, and such damage can develop progressively, leading to a catastrophic 
failure. Due to the general anisotropic behavior (Mei and Giurgiutiu 2019a) and complex 
damage scenarios, the successful implementation of damage detection in aerospace 
composite structures is always challenging. 
To ensure the safety and reliability of composite structures, various non-destructive 
evaluation (NDE) techniques have been developed for the damage detection in composite 
structures, including thermography, X-ray, eddy current (James et al. 2020) and ultrasonic 
C-scan (Wallentine and Uchic 2018). However, the use of these techniques is often 
expensive, labor-intensive, and depends heavily on the skill and experience of the operator. 
Structural health monitoring (SHM) technologies offer a promising alternative. In recent 
decades, many SHM techniques have been developed for the damage detection in 
composites, such as electromechanical impedance (EMI) (Gresil et al.2012), acoustic 
emission (AE) (Nikbakht et al. 2017), and guided-wave based methods (Mei et al. 2019a; 
Mei et al. 2019b; Park et al. 2014; Girolamo et al. 2018; Rogge and Leckey 2015; Tian et 
al. 2015; Kudela et al. 2018).  
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Guided waves have the advantage of long-distance propagation in complex 
structures and low energy loss, which have been widely used in the structural health 
monitoring of composite structures. In general, there are two different families of guided 
waves in plate-like structures: Lamb waves and shear horizontal (SH) waves. Among them, 
Lamb-wave based SHM technologies have been widely used to detect various types of 
damage in composite structures, including delamination, impact damage, and de-bonding. 
For the delamination detection, Guo and Cawley (1993) used a two-dimensional (2D) finite 
element (FE) method to investigate the reflection of the S0 mode Lamb wave from a 
delamination in unidirectional and crossply laminates. Ramadas et al. (2009, 2010) 
investigated the A0 mode interaction with the symmetric and asymmetric delaminations 
using a 2D FE model with experimental validations. They showed that the mode-converted 
S0 mode was confined only to the sub-laminates within the delamination region and 
converts back to the A0 mode when exiting the delamination that is symmetrically located 
across the thickness, while the propagation of mode-converted S0 mode in the main 
laminate was noted when A0 mode interacts with the delamination that is located 
asymmetrically across the thickness. More recently, Munian et al. (2018) used a 2D time-
domain spectral finite element (TSFE) method to investigate the Lamb wave interaction 
with the delaminations. Leckey et al. (2018) presented the benchmark studies of four 
various simulation tools, three commercial packages COMSOL, ABAQUS, and ANSYS, 
and a custom code, elastodynamic finite integration technique (EFIT), for the three-
dimensional (3D) modeling of Lamb wave interaction with the delamination in composites. 
Leckey and Seebo (2015) used FE simulations to study differences in trapped energy for 
multilayer delaminations and they found that the trapped energy increases when additional 
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delaminations exist through the composite thickness. 3D FE simulations were also 
conducted to investigate the Lamb wave interaction with the impact damage in quasi-
isotropic laminates (Leckey et al. 2014; Zhang et al. 2017). These studies have facilitated 
our understanding of Lamb wave-based SHM applications for damage detection in 
composites. However, the problem for the typical Lamb wave is made complicated by the 
existence of at least two wave modes at any given frequency, and by the inherent dispersive 
nature of the Lamb wave modes existing in thin-wall structures. Therefore, the multi-mode 
dispersive propagation will make the wave signal complex and increase the difficulty of 
signal interpretations. To solve the problem, single piezoelectric transducer with mode 
tuning effect (Xu and Giurgiutiu 2007) and double piezoelectric transducers with 
symmetric bonding technique (Wang and Yuan 2007) have been tried for selective 
excitation of a single desired wave mode.  
In recent years, adjustable angle beam transducers (ABT) have also been utilized 
to achieve single-mode Lamb wave excitation and detection. Bunget et al. (2018) used the 
ABT pair, one transmitter ABT and one receiver ABT, to detect the crack growth in an 
aluminum plate using the S1 mode Lamb wave. Rafik et al. (2012) utilized the ABT pair 
to evaluate the delamination simulated by Teflon insert in a crossply composite plate with 
the S0 mode Lamb wave being used to detect the simulated delamination. Toyama and 
Takatsubo (2004) employed the ABT and acoustic emission (AE) methods to detect impact 
damage in a crossply composite plate.  In their study, the ABT was used as a transmitter to 
generate a pure S0-mode Lamb wave. These studies facilitate the understanding of SHM 
applications using single-mode Lamb waves generated by ABT. 
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Compared with widely used Lamb waves, fundamental shear horizontal (SH0) 
waves are relatively simpler because they are only mildly dispersive in typical composites. 
However, SH0 waves have been less investigated for composite SHM applications. In 
metallic structures, SH waves were usually excited by electromagnetic acoustic transducers 
(EMAT) (Ribichini et al. 2011). ABT transducers are not usually used to excite SH0 waves 
in isotropic structures because they would require a shear-wave coupled transducer 
whereas ABT devices are usually pressure-wave coupled. Therefore, EMAT transducers 
are the method of choice for exciting SH waves in metallic structures. However, EMAT 
methods are not appropriate for composites. In recent years, the convenience of SH waves 
has spurred the development of new techniques to overcome the difficulties associated with 
SH wave generation in composites. SH-wave piezoelectric transducers based on either 
thickness-shear (d15) mode or face-shear (d36 and d24) mode piezoelectric wafers or strips 
have been developed for SH wave generation (Chen et al. 2019; Kamal and Giurgiutiu 
2014b). A thin, lightweight, and flexible shear-horizontal piezoelectric fiber patch has also 
been developed for exciting the SH waves in various materials (Köhler et al 2016). 
However, these SH-wave transducers must be permanently bonded onto the structures in 
order to be effective. Single-mode SH wave excitation and its NDE applications for 
composites are very limited at the present moment. 
For the first time, adjustable angle beam transducers were used to excite pure SH0 
wave in a thick quasi-isotropic composite plate (Mei et al. 2020a; Mei et al. 2020b; Mei et 
al. 2020c). It shows that although the ABT excitation consists of pressure waves, the 
generation of SH0 is possible due to the anisotropy of the quasi-isotropic composite layup.  
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This chapter starts with the excitation of a pure S0 mode in a crossply composite 
plate and then continues with the excitation of a pure SH0 mode in a quasi-isotropic 
composite plate. Finally, the S0 mode and SH0 mode in a 2-mm quasi-isotropic composite 
plate are excited and used to detect various damage types. 
9.2 SINGLE-MODE TUNING USING ANGLE BEAM TRANSDUCERS 
Angle beam transducers (ABT) and wedges are generally used to generate and 
receive single-mode guided waves with specified mode-frequency combinations. In a 
practical application, the selection of a single-mode guided wave can be realized by using 
angle beam transducers and wedges for a selected frequency. Let cw be the velocity of the 
pressure waves in the wedge, c is the phase velocity of the desired wave mode at a selected 
frequency in a thin-wall composite structure. 𝜃 is the ABT tuning angle, which is the 
incident angle of the pressure waves impinging on the structure, as shown in Figure 9.1. 
According to Snell’s law, wave mode with a phase velocity of c will be enhanced through 
the phase matching much more than waves of any other phase velocities if the following 
condition is satisfied: 
 sin  w
c
c
  (9.1) 
 
Figure 9.1: Single-mode guided wave generation and detection using angle beam 















To change the ABT tuning angle θ, an angle-adjustable wedge (ABWX-2001) 
manufactured by Olympus was typically used, as shown in Figure 9.2. It allows the user to 
adjust the tuning angle from 0° to 70° to generate various wave modes.  
 
Figure 9.2: Olympus angle-adjustable wedge and angle beam transducer. 
9.3 PURE S0 MODE GENERATION AND DAMAGE DETECTION 
In this section, adjustable angle beam transducers (ABT) were used to generate a 
pure S0-mode guided wave in a 1.5-mm crossply carbon fiber reinforced polymer (CFRP) 
composite plate with a stacking sequence of [0/90]3s. First, the ABT tuning angle of the 
crossply composite plate was calculated based on Snell’s law applied to the dispersion 
curves. Then, a finite element simulation of pure S0 mode generation was conducted in 
ABAQUS to verify the feasibility of single-mode generation using ABT in composites. 
Next, a pitch-catch experiment using an adjustable ABT pair was carried out to validate 
the pure S0 mode generation. Finally, pure S0 mode was utilized to detect wrinkle damage 
in the crossply composite plate. 
9.3.1 ABT TUNING ANGLE CALCULATION 
To calculate the ABT tuning angle θ, the composite phase-velocity dispersion curve 
has to be obtained first. In this work, a semi-analytical finite element (SAFE) method was 
used to calculate the dispersion curves of the 1.5-mm crossply CFRP composite plate. The 
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material properties were measured experimentally using the ultrasonic immersion 
technique as described in [35], given in Table 9.1. 
Table 9.1: Engineering constants of the unidirectional prepreg. 


















Figure 9.3: Dispersion curves of a 1.5-mm [0/90]3s crossply composite plate in the 0º 
direction: (a) phase velocity; (b) ABT tuning angle; (c) group velocity. 
Figure 9.3 shows the dispersion curves of the 1.5-mm crossply CFRP composite 
























24 one-dimensional (1D) quadratic elements across the thickness direction were utilized to 
ensure the convergence of the solution. Phase-velocity dispersion curves of the 1.5-mm 
crossply CFRP composite plate in the 0º direction are shown in Figure 9.3 (a).  
In this study, the wedge velocity of the angle-adjustable wedge is 2720 m/s and the 
central frequency of the angle beam transducer is 500 kHz. The ABT tuning angle θ was 
calculated based on Eq. (1), as shown in Figure 9.3 (b). It can be found that the wave modes 
cannot be excited when their phase velocities are below cw because the value of sine 
function can never be greater than one. At 500 kHz, only S0 mode can be excited, and the 
corresponding tuning angle is around 23º. Therefore, the incident angle of the angle beam 
transducer should be set to 23º to excite pure S0 mode in the crossply CFRP composite 
plate. Figure 9.3 (c) shows the group-velocity dispersion curves. The theoretical group 
velocity of S0 mode at 500 kHz is 6.581 mm/μs, and it can be utilized to validate the pure 
S0 mode generation by comparing the experimental group velocity with the theoretical 
value. 
9.3.2 FINITE ELEMENT SIMULATION 
Finite element (FE) simulations of guided wave generation using angle beam 
transducers have been studied by several authors (Nikolaevtsev et al. 2016; Dawson et al. 
2017). This method has been found promising applications in the field of structural health 
monitoring as a powerful tool for modeling guided wave generation and propagation in 
composite structures. In this section, the FE simulation was conducted to understand the 
efficiency of pure S0 mode excitation in the 1.5-mm crossply CFRP composite plate using 




Figure 9.4: The geometry of the 2D FE model of pure S0 mode generation in the 1.5-mm 
crossply [0/90]3s CFRP plate. 
A two-dimensional (2D) FE simulation was conducted to verify the excitation of 
pure S0 mode wave through an angled wedge. The model consisted of a 1.5 mm [0/90]3s 
crossply composite plate with a rexolite wedge. Four-node plane-strain (CPE4R) elements 
with a reduced integration scheme were used for this analysis. The geometry of the FE 
model is shown in Figure 9.4. The ply stiffness matrix was calculated for each ply angle in 
the specimen and entered as material properties for the 2D FE model. To excite pure S0 
mode at 500 kHz, the incident angle of the wedge is set to 23º based on the theoretical ABT 
tuning angle in Figure 9.3 (b). 
The pressure wave is generated on the wedge border by a distributed force of three-
count tone burst at the central frequency of 500 kHz. Non-reflective boundaries (NRB) 
developed by Shen and Giurgiutiu (2015) was used around the wedge to absorb boundary 
reflections. A dense mesh was used due to the high frequencies and corresponding short 
wavelengths, the element size is 25 μm. 
Results of the in-plane guided wave displacement fields at different times are shown 
in Figure 9.5. It can be found that a single wave packet was generated in the crossply CFRP 
composite plate. The in-plane displacements are symmetrically displaced with respect to 
x 
z 
1.5 mm thick [0/90]3s crossply composite laminate 





the mid-plane, which means that a symmetric mode guided wave was successfully 
generated in the composite plate. 
 
Figure 9.5: Results of the in-plane guided wave displacement fields at different times: (a) 
15 μs; (b) 20 μs; (c) 25 μs. 
To calculate the group velocity of the single-mode wave generated in the crossply 
composite plate, the waveforms at five various locations were extracted from the FE model, 
as shown in Figure 9.5. The time of flight (TOF) of the direct wave packet was determined 
for each location and plotted as a function of distance from the excitation. Linear regression 
was used to estimate the group velocity, yielding a value of 6.60 mm/μs, which compares 
favorably to the theoretical S0-mode group velocity of 6.58 mm/μs at 500 kHz in the 
crossply composite plate, as shown in Figure 9.3 (c). Therefore, the excited guided wave 
in the crossply composite plate is a pure S0 mode as expected. It demonstrated that the 
angle beam transducer could successfully generate the selected single-mode guided wave 
in composite plates. 
(a) 15 μs 
Displacement ux 
(b) 20 μs 




Figure 9.6: Extracted FEM waveforms and the group velocity calculation: (a) waveforms 
at various locations; (b) correlation between distance and time of flight. 
9.3.3 EXPERIMENTAL VALIDATIONS OF PURE S0 MODE GENERATION 
Figure 9.7 illustrates the experimental setup for the single-mode guided wave 
excitation and detection using adjustable angle beam transducers (ABT). A pair of ABT 
tuned at 500 kHz (Olympus A413S-SB) mounted on angle-adjustable wedges (Olympus 
ABWX-2001) was used to generate pure S0 mode in the crossply composite plate. The 
coupling between wedges and the specimen was ensured by a high-performance and 
general-purpose ultrasonic couplant (SOUNDSAFE, Olympus), which is compatible with 
most composites. For the excitation of pure S0 mode at 500 kHz, the incident angle of the 
wedge was set to 23º based on Snell’s law, which is the same tuning angle used in the FE 
simulation. The excitation signal applied to the transmitter ABT was a three-count tone 
burst at the central frequency of 500 kHz generated by a function generator (33120A, 
Agilent), and amplified to 80 Vpp by a high-speed bipolar amplifier (HSA4014, NF). The 











used 100 averages to improve the signal-to-noise ratio. The function generator also sent a 
trigger signal to the oscilloscope for the synchronization. 
 
Figure 9.7: Experimental setup for the excitation and detection of pure S0 mode using angle 
beam transducers in a 1.5 mm [0/90]3s crossply composite plate. 
To validate the pure S0 mode excitation, the response signals at six various 
locations were measured by moving the receiver ABT, as presented in Figure 9.8. Figure 
9.8(a) shows the waveforms at different locations. It can be found that strong and non-
dispersive wave packets were received. The time of flight (TOF) of the direct wave packet 
was determined for each location and plotted as a function of distance, as shown in Figure 
9.8(b). Similarly, a linear regression was used to determine the experimental group velocity, 
yielding a value of 6.53 mm/μs, which agrees with the theoretical S0-mode group velocity 
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CFRP composite plate is pure S0 mode. The experimental results agree well with the FE 
simulation, which demonstrates that the selected single-mode guided wave can be 
successfully generated by the adjustable angle beam transducers in composite plates. The 
next step is to explore the feasibility of the damage detection using the pure S0-mode 
guided wave. 
 
Figure 9.8: Experimental measurement of group velocity: (a) waveforms at various 
locations; (b) correlation between distance and time of flight for group velocity calculation. 
9.3.4 DAMAGE DETECTION USING PURE S0 MODE GUIDED WAVE 
9.3.4.1 Composite Specimen and Ultrasonic Nondestructive Inspection 
Simulated wrinkle damage was introduced between the 1st and 2nd layers of a 1.5-
mm crossply [0/90]3s CFRP composite plate by inserting a Teflon rod in the layup during 
manufacturing. The Teflon rod was squashed during the hot-press processing creating a 
wrinkle-like damage in the composite plate. Ultrasonic immersion C-scan was conducted 
to verify and image the wrinkle damage in the specimen. A 10 MHz, 1-inch focused 
transducer was used for the ultrasonic C-scan. The experimental setup is shown in Figure 












scanning in the x-y direction. The inspection result is shown in Figure 9.9(b). The wrinkle 
damage can be observed from the ultrasonic C-scan results. 
 
Figure 9.9: Ultrasonic immersion tank inspection: (a) experimental setup; (b) C-scan 
results. 
9.3.4.2 Wrinkle Damage Detection with ABT Method 
The adjustable ABT pair was used to detect wrinkle damage using pure S0 mode. 
A spacing of 100 mm was ensured between transmitter ABT and receiver ABT using a 
rigid frame, as presented in Figure 9.10.  
 
Figure 9.10: Experimental setup for the wrinkle detection using angle beam transducers on 
the 1.5-mm [0/90]2s crossply CFRP composite plate. 
The coupling between wedges and the specimen was attained by the ultrasonic 
couplant (SOUNDSAFE, Olympus). For the inspection using pure S0 mode at 500 kHz, 



























three-count tone burst at the central frequency of 500 kHz was used as the excitation signal 
for the transmitter ABT.  
 
Figure 9.11: Signal comparison between pristine and wrinkle damage using the pure S0 
mode: (a) measured signals; (b) FFT results. 
Signal comparison between the pristine and wrinkle damage is shown in Figure 
9.11. A strong single wave packet of S0 mode was observed for both pristine and wrinkle 
damage, as presented in Figure 9.11(a). A high signal to noise ratio was obtained even in 
the presence of damage. The peak-to-peak amplitude of the S0 mode response signals for 
the pristine and wrinkle damage is around 140 mV and 60 mV, respectively. The amplitude 
drop can be observed due to the presence of wrinkle damage. A similar amplitude drop can 
be noted in the fast Fourier transform (FFT) results, as shown in Figure 9.11(b). Therefore, 
the wrinkle damage can be successfully detected using the pure S0 mode generated by 
angle beam transducers. 
9.4 PURE SH0 MODE GENERATION AND DAMAGE DETECTION 
In this section, pure SH0 mode generated by adjustable angle beam transducers was 








CFRP composite plate with a stacking sequence of [-45/90/45/0]3s. First, pure SH0 mode 
was generated using adjustable ABT in the quasi-isotropic CFRP composite plate. Then, 
three-dimensional (3D) finite element simulations were conducted to verify the pure SH0 
mode excitation and to investigate SH0-mode guided wave interaction with delaminations 
in the quasi-isotropic composite plate. Next, pure SH0 mode was used to detect multilayer 
delaminations by Teflon inserts in the quasi-isotropic CFRP plate, one delamination and 
two delaminations were considered in the experiment. Finally, impact testing was 
conducted on the quasi-isotropic CFRP plate to produce the actual impact damage and the 
pure SH0 mode was used to detect impact damage and estimate the size. 
9.4.1 PURE SH0 WAVE GENERATION 
It is known that SH0 mode shows higher sensitivity to damage in the thickness and 
to delamination (Su et al. 2007). In this section, pure SH0 mode wave generation and its 
validation were conducted on a 3-mm [-45/90/45/0]3s quasi-isotropic CFRP composite 
plate which has been used in chapter 7. Although the ABT excitation consists of pressure 
waves, the generation of SH0 mode was possible due to the anisotropy of the quasi-
isotropic composite layup (Mei et al. 2020a). 
First, the dispersion curves of the quasi-isotropic composite plate were obtained 
using the SAFE approach. Phase-velocity dispersion curves of the quasi-isotropic CFRP 
composite plate in the 0º direction are shown in Figure 9.12(a). The theoretical ABT tuning 
angle was calculated based on Eq. (9.1) and the wedge velocity of 2720 m/s, as shown in 
Figure 9.12(b). It can be found that the wave modes cannot be excited when their phase 
velocities are below cw. The phase velocity of SH0 mode is almost a constant, which means 
that it is only mildly dispersive. At 500 kHz, the ABT tuning angle of SH0 mode is around 
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48º. To generate pure SH0 mode in the quasi-isotropic composite plate, the incident angle 
of the wedge should be set to 48º in the experiment. 
 
Figure 9.12: Dispersion curves of 3-mm [-45/90/45/0]3s quasi-isotropic CFRP composite 
plate: (a) phase velocity; (b) tuning angle. 
To explain the excitation of pure SH0 mode in the quasi-isotropic CFRP composite 
plate, the modeshape comparison between S0 and SH0 modes is shown in Figure 9.13. 
Mode entanglement (modeshape coupling) due to the anisotropy of the quasi-isotropic 
composite layup can be clearly observed for both S0 mode and SH0 mode at 500 kHz. For 
the modeshape, the x-axis and y-axis define the horizontal plane. The x-axis is the wave 
propagation direction, whereas the y-axis is perpendicular to it. The z-axis is the out-of-
plane direction. It can be found that the SH0 mode with the dominant in-plane uy 
component also has the in-plane ux and out-of-plane uz components at 500 kHz, which is 
not possible for isotropic metals. In isotropic materials, SH0 mode only has the in-plane uy 
component. This modeshape coupling of SH0 mode (ux and uz components) gives the 
















pure SH0 mode, in the quasi-isotropic CFRP composite plate. The SH0 mode has a strong 
through-thickness modeshape (uy), which indicates that it is sensitive to the through-
thickness damage types in composites. 
 
Figure 9.13: Modeshape comparison between S0 and SH0 modes showing mode 
entanglement. 
To validate the excitation of pure SH0 mode, the signals at various locations were 
measured by moving the receiver ABT. The received signals at different locations are 
plotted in Figure 9.14(a) showing strong and non-dispersive waves. The TOF of the direct 
wave packet was determined for each location and plotted as a function of distance, as 
shown in Figure 9.14(b). Similarly, a linear regression was used to estimate the group 
velocity, yielding a value of 3.49 mm/μs, which matches the theoretical SH0-mode group 
velocity of 3.41 mm/μs at 500 kHz. Therefore, the generated wave in the 3-mm thick quasi-
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Figure 9.14: Experimental measurement of group velocity in a 3-mm quasi-isotropic 
composite plate: (a) waveforms at various locations showing non-dispersive waves; (b) 
correlation between distance and time of flight. 
The damping attenuation is a critical parameter in mode selection for long-range 
SHM of aerospace composites (Mei and Giurgiutiu 2019a; Shen and Cesnik 2016). In order 
to measure the damping attenuation of SH0 wave over a long distance, totally 7 
measurements were performed at various locations from 50 mm to 350 mm away from the 
transmitter ABT. The interval of two adjacent measurements is 50 mm. Received SH0-
mode signals at different locations are shown in Figure 9.15(a). All the signals were 
normalized by the maximum absolute amplitude of the signal at 50 mm. It can be noted 
that the signal amplitudes attenuate with the propagation distance and the wave packets 
become more dispersive. The curve fitting method was performed to obtain the 
experimental damping coefficient. The experimental and fitted amplitudes versus the 
distance are shown in Figure 9.15(b). The blue cross marker represents the attenuation of 
experimental signal amplitudes, and the red solid line denotes the curve fitting using the 
















 0  (9.2) 
where  Im  is responsible for the material attenuation of guided waves and 1 r  is related 
to the geometric spreading attenuation.  
 
Figure 9.15: Experimental measurements of damping attenuation: (a) received signal at 
various distances; (b) curve fitting of magnitude versus distance. 
The experimental damping coefficient  Im  of the SH0 mode at 500 kHz was 
determined as 2.1 Np/m, which is much smaller than these of A0 and S0 modes in (Mei 
and Giurgiutiu 2019a). Therefore, in this particular composite plate, the damping effect on 
the SH0 wave is relatively small. From the time-domain signal, it was observed that a clear 
SH0-mode signal was measured even at the distance of 350 mm, which demonstrates the 


















9.4.2 QUASI-ISOTROPIC COMPOSITE PLATE WITH SIMULATED DELAMINATIONS 
A 3-mm thick quasi-isotropic CFRP composite plate with simulated delaminations was 
investigated. The dimension of the specimen is 500 mm × 500 mm × 3 mm.  
 
Figure 9.16: Schematic of 3-mm quasi-isotropic [-45/90/45/0]3s CFRP composite plate 
with one and two delaminations. 
Two different simulated delaminations, one and two delaminations, were generated 
by inserting Teflon films before curing in the compression molding machine. One 
delamination was created by inserted one circular Teflon film (25 mm in diameter) between 
plies 20 and 21. Two delaminations were generated by inserting two Teflon films of 
different sizes at various depths. First, a large circular Teflon film (25 mm in diameter) was 
inserted between plies 20 and 21, which is the same size and depth of one delamination. 
Then, an additional small circular Teflon film (20 mm in diameter) was inserted between 
plies 16 and 17. The depth of the Teflon insert is based on the experimental results in the 
reference (Wallentine and Uchic 2018). The size was determined from the practical 
























applications, where the typical delamination size for growth monitoring is 1-inch diameter. 
Figure 9.16 shows the schematic of the quasi-isotropic composite plate with purpose-built 
delaminations. 
9.4.3 FE SIMULATION OF SH0 GENERATION AND ITS INTERACTION WITH DELAMINATIONS 
3D FE models were utilized to simulate the SH0-mode guided wave generation and 
interaction with different delamination scenarios, i.e., one delamination vs. two 
delaminations, in the 3 mm thick quasi-isotropic CFRP composite plate. 
 
Figure 9.17: 3D FE model of the 3-mm quasi-isotropic CFRP composite plate with one 
delamination and two delaminations. 
Three sets of simulations were conducted: (1) pristine plate; (2) damaged plate with 
one delamination; (3) damaged plate with two delaminations. Figure 9.17 shows the 3D FE 
models of the 3-mm quasi-isotropic composite plate with one delamination and two 
delaminations. The delaminations were modeled by detaching the nodes in the 
delamination regions, which has been widely used by many authors (Ramadas et al. 2009). 









based on the theoretical ABT tuning angle. A pressure was applied perpendicular to the 
wedge top surface to simulate the ABT excitation. The excitation signal is a three-count 
Hanning window modulated tone burst with the center frequency of 500 kHz. NRB was 
implemented around the FE models to calculate the transient response under the ABT 
excitation. The angled wedge was modeled with structural solid elements (SOLID45) in 
the commercial finite element package ANSYS 17. Structural solid elements (SOLID185) 
were used to mesh the quasi-isotropic composite plate. COMBIN14 spring-damper 
elements were utilized to construct the NRB. 
The mesh size adopted in this study was 0.5 mm for in-plane direction to guarantee 
that more than 20 elements exist per wavelength and 0.125 mm for the thickness direction 
to ensure that each ply contains at least one element. The delamination regions were 
meshed with even finer elements to accommodate the high-stress gradient. The time step 
was set to 0.1 μs to ensure the convergence. 
First, the waveforms (in-plane displacement uy) at five various locations were 
extracted from the pristine FE model, as shown in Figure 9.18(a). Compared to the 
experimental waveforms in Figure 9.18(a), it can be found that the FE waveforms are much 
more dispersive. The TOF of the direct wave packet was determined and plotted as a 
function of distance, as shown in Figure 9.18(b). Linear regression was used to calculate 
the group velocity, yielding a value of 3.37 mm/μs, which agrees well with the theoretical 
SH0-mode group velocity of 3.41 mm/μs at 500 kHz. Therefore, both FE simulations and 
experimental results demonstrated that the pressure-wave angle beam transducers could 




Figure 9.18: Extracted FEM waveforms and the group velocity calculation for the 3-mm 
quasi-isotropic CFRP composite plate: (a) waveforms at various locations; (b) correlation 
between distance and time of flight. 
Second, the out-of-plane displacement on the top surface was extracted to visualize 
the SH0-mode guided wave interaction with delaminations. Figure 9.19 shows the 
comparison of the transient spatial wavefield among the pristine plate, one delamination, 
and two delaminations. For the pristine case in Figure 9.19(a), it can be found that a 
straight-crested wavefront was generated by the ABT excitation, strong near the wave 
source, and weak at the far field due to the outward propagation pattern. No strong 
boundary reflections were observed due to the utilization of the NRB. Figure 9.19 (b) and 
(c) show the guided wave interaction with one delamination and two delaminations, 
respectively. For the case of one delamination, it was found that strong trapped waves in 
the delamination region were observed. Previous studies have confirmed the multiple 
reflections within the delamination regions and a considerable amount of ultrasonic energy 











Figure 9.19: Comparison of the transient spatial wavefield in the quasi-isotropic CFRP 
composite plate: (a) pristine plate; (b) one delamination; (b) two delaminations. 
In addition, a much stronger trapped wave was noted for the case of two 
delaminations compared to the results of one delamination, which indicates that the more 
delaminations, the stronger the wave energy trapped. Therefore, the trapped energy which 
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and two delaminations. The FEM waveforms of the delaminations and the direct 
comparison with experimental waveforms were presented in the following section. 
9.4.4 DELAMINATION DETECTION AND VALIDATION USING PURE SH0 GUIDED WAVE 
The adjustable ABT pair was used as the transmitter and receiver to generate the 
pure SH0-mode guided wave and detect delaminations. A spacing of 100 mm was ensured 
between transmitter and receiver using a rigid frame, as presented in Figure 9.20. For the 
inspection using SH0 mode at 500 kHz, the incident angle of the wedge was set to 48º. A 
narrow-band three-count tone burst at the central frequency of 500 kHz was used as the 
excitation signal. 
 
Figure 9.20: Experimental setup for delamination detection in the quasi-isotropic 
composite plate. 
Signal comparison among the pristine and delaminations is shown in Figure 9.21. 
It can be found that strong and non-dispersive wave packets were observed in the response 
signals, as shown in Figure 9.21(a). The peak-to-peak amplitude of the SH0 mode response 
signals are around 220 mV, 150 mV, and 90 mV for the pristine case, one delamination, 
and two delaminations, respectively. The amplitude drop can be observed due to the 
presence of delaminations. In addition, the amplitude further decreased when the 
delamination number increases from one to two. Similarly, amplitude drop can be noted in 
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the frequency spectrum, as shown in Figure 9.21(b). Therefore, delaminations simulated 
by Teflon inserts can be successfully detected using the pure SH0 mode. One and two 
delaminations were distinguished based on the amplitude information. 
 
Figure 9.21: Experimental signal comparison among pristine and delaminations using the 
pure SH0 mode generated by angle beam transducers: (a) measured signals; (b) FFT results. 
To verify the experimental results as shown in Figure 9.22, the FEM waveforms 
(in-plane displacements uy) were extracted from the simulation results in section 4.2.3. 
Figure 9.22 shows the signal comparison between FEM and the experimental waveforms. 
The FEM waveforms were normalized by the maximum absolute amplitude of the pristine 
signal, as shown in Figure 9.22(a). The normalized experimental waveforms were 
presented in Figure 9.22(b). It can be found that a good match between the simulation and 
the experiment was achieved. FEM waveforms are more dispersive than the experimental 
waveforms. Amplitude drops due to the SH0 wave interaction with delaminations were 
clearly observed in both the simulation and the experiment. Note that amplitudes of the 








is expected that this is due to the differences between Teflon inserts for the simulated 
delaminations in the experiment and the node detachment (zero volume delamination) in 
the simulation. Both numerical and experimental results confirmed that the SH0-mode 
amplitude further decreased when an additional delamination exists through the composite 
thickness. 
 
Figure 9.22: Comparison between FEM simulation and experimental waveforms for SH0 
mode: (a) FEM waveforms; (b) experimental waveforms. 
To estimate the sizes of the delaminations, a line scanning method was developed 
by moving the adjustable ABT pair with a step of 3 mm to cover the delaminations, as 
shown in Figure 9.23. Error bars were obtained from the data of three repeated experiments 
to ensure the consistency and accuracy of the experiment. It can be found that a good 
consistency was achieved, and a significant amplitude drop was observed from the 
maximum amplitude at various locations. For the comparison between one and two 
delaminations, a 25% signal loss was observed for the case of one delamination, whereas 









FEM waveforms Experimental waveforms 
 
282 
drop was observed when the number of delamination increases. The sizes of both one and 
two delaminations can be roughly estimated from the maximum amplitude information at 
various locations, which agrees with the ultrasonic C-scan results. 
 
Figure 9.23: Size estimation of one delamination and two delaminations using pure SH0 
mode generated by angle beam transducers. 
9.4.5 QUASI-ISOTROPIC COMPOSITE PLATE WITH IMPACT DAMAGE 
A coupon was cut from the 3-mm quasi-isotropic CFRP composite plate and was 
used to conduct the impact testing. Then, the pure SH0 mode generated by adjustable ABT 
was used to detect the impact damage and estimate its size. 
9.4.5.1 Impact Testing and Ultrasonic Nondestructive Inspection 
A drop-weight tower with low friction guide rails was used to induce collision 
between a mass of known weight and a fixed composite specimen. In order to conduct the 
impact testing on a larger specimen, the specimen dimensions were changed from 6" x 4" 
(standard ASTM dimension) to 12" x 6" (the maximum in-plane dimension of the ASTM 



























be clamped to the D7136 fixture to conduct impact tests on the same drop-weight tower. 
The modified experimental setup is shown in Figure 9.24. The controlled impact event is 
recorded by a piezoelectric load cell, which can accurately record data of the applied impact 
force, energy absorbed by the specimen, and the displacement of the specimen during the 
impact event. 
 
Figure 9.24: Dynatup 8200 drop-weight impact testing machine with the modified fixture. 
Table 9.2: Impact testing conducted on the 3-mm thick quasi-isotropic composite coupon.  
Mass (kg) Drop Height (cm) Velocity (m/s) Energy (J) 
3.06 58.54 3.07 17.56 
 
A 12" x 6" coupon was cut from the 3-mm quasi-isotropic CFRP composite plate 
and was used to conduct the impact testing. The details of the impact testing are given in 
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Table 9.2. This table indicates that the coupon was impacted by an impactor mass of 3.06 
kg with the potential energy of 17.56 J. This energy was chosen from engineering judgment 
to try to obtain a 1-inch impact damage size in the 3-mm thick composite coupon. 
 
Figure 9.25: Force-time history of 3-mm quasi-isotropic composite coupon. 
The force-time history of the impact event is given in Figure 9.25. The load curve 
shows peaks at a certain maximum load and is parabolic in shape. The maximum-recorded 
contact force for this impact event was 5.18 kN. When the load curve is symmetric, its 
shape indicates that the impact energy is primarily deflected and little or no damage has 
occurred in the specimen. When there are irregularities in the parabolic shape of the load 
curve, this indicates that the specimen has undergone extensive internal damage (Sun and 
Hallett 2017).  
After the impact testing, an ultrasonic NDE inspection was conducted using a 10 
MHz, 1-inch focused transducer. The NDE inspection results are shown in Figure 9.26. 
From the C-scan results, it can be found that the size of the impact damage obtained is 
around 1 inch. Multiple impact-induced delaminations across the thickness were observed 
from the B-scan result, as shown in Figure 9.26(a). 




Figure 9.26: Ultrasonic inspection results of the coupon after impact testing: (a) B-scan; 
(b) C-scan. 
9.4.5.2 Impact Damage Detection Using Pure SH0 Mode Guided Wave 
The adjustable ABT pair was used to generate pure SH0 mode guided wave and 
detect the impact damage in the 3-mm quasi-isotropic CFRP coupon after impact testing. 
A spacing of 100 mm was ensured between the transmitter ABT and receiver ABT using a 
rigid frame, as shown in Figure 9.27. The incident angle of the wedge was set to 48º for 
pure SH0 mode excitation at 500 kHz. A three-count tone-burst excitation at the central 
frequency of 500 kHz was used as the excitation signal.  
 
Figure 9.27: Experimental setup for the impact damage detection using adjustable ABT 
pair. 
Signal comparison between the pristine and impact damage is shown in Figure 9.28. 
Strong response signals with a high signal-to-noise ratio were observed for both cases 
showing non-dispersive wave packets, as presented in Figure 9.28(a). The peak-to-peak 
1" impact damage 
(a) (b) 
Impact damage 
Transmitter ABT Receiver ABT 
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amplitude of the SH0-mode response signals for the pristine and the impact damage are 
around 220 mV and 160 mV, respectively. The amplitude drop was clearly observed due 
to the presence of impact damage. Therefore, the impact damage can be successfully 
detected using the pure SH0 mode generated by the angle beam transducers. Similarly, 
amplitude drop and a large peak shift were noted from the frequency spectrum, as shown 
in Figure 9.28(b). This is because the impact damage, in the form of matrix cracking, fiber 
breakage, and interlaminar delamination, will cause a significant reduction in the local 
stiffness and increase in the local damping. This local stiffness reduction will cause the 
frequency shift as observed in the experiment. In addition, the large frequency shift is also 
due to the local damping effect. Because the wave undergoes a frequency-dependent 
attenuation as it travels, which preferentially absorbs the high-frequency components.  
 
Figure 9.28: Signal comparison between the pristine and impact damage: (a) signals; (b) 
FFT results. 
To estimate the size of the impact damage, the line scanning method was used by 
moving the ABT pair with a step of 3 mm to cover the impact damage, as shown in Figure 







experiments. It can be noted that a very good consistency result was achieved. Moreover, 
it can be found that a notable amplitude drop was observed from the maximum amplitude 
at various locations, as presented in Figure 9.29. The size of impact damage can be roughly 
estimated as 25 mm from the amplitude information at various locations, which matches 
the ultrasonic C-scan results. Therefore, the pure SH0 mode generated by angle beam 
transducers was successfully used to detect and quantify the impact damage. 
 
Figure 9.29: Impact damage size estimation using adjustable ABT pair to generate pure 

















9.5 MULTI-MODE GUIDED WAVE DETECTION  
9.5.1 COMPOSITE SPECIMEN 
A 2-mm thick in-house quasi-isotropic CFRP composite plate with a stacking 
sequence of [-45/90/45/0]2s was investigated. The specimen dimension was 500 mm × 500 
mm × 2 mm. The simulated delamination was introduced by inserting a Teflon film in the 
composite plate before curing in a compression-molding machine. A circular Teflon film 
(25 mm in diameter) between plies 12 and 13 was inserted to create the delamination. The 
delamination size was determined from the practical application, where the critical 
delamination size for growth monitoring is around 1-inch diameter. Figure 9.30 shows the 
schematic of the 2-mm quasi-isotropic composite plate with purpose-built delamination.  
 
Figure 9.30: Schematic of 2-mm quasi-isotropic [-45/90/45/0]2s carbon fiber-reinforced 
polymer (CFRP) composite plate with delamination simulated by Teflon insert. 
Ultrasonic nondestructive testing (NDT) was conducted on the composite plate to 
verify and image the simulated delamination. An ultrasonic immersion tank was used to 
inspect the specimen. In the experiment, a 10 MHz, 1-inch focused transducer was used to 
detect the delamination. The scan area is 50 mm × 50 mm. Figure 9.31 shows the B-scan 
and C-scan images of NDT results on the top surface. The C-scan image shows the presence 




















of simulated delamination in the composite plate. The depth of the delamination can be 
observed from the B-scan image, which is 0.5 mm from the bottom surface. From the C-
scan image, the size and shape of the delamination can be clearly observed. Therefore, the 
simulated delamination can be detected and quantified from the NDT detection, which is 
consistent with the design. 
 
Figure 9.31: Ultrasonic inspection results of 2-mm quasi-isotropic composite plate with 
simulated delamination: (a) B-scan image; (b) C-scan image. 
A small coupon was cut from the 2-mm quasi-isotropic composite plate and was 
used to conduct the impact testing. A drop-weight impact tower was utilized to induce an 
impact on a fixed composite coupon. In this study, the coupon dimensions were changed 
from 6" x 4" (ASTM D7136 standard dimension) to 12" x 6". Note that the in-plane 
dimensions of the coupon were three times the size of ASTM D7136 standard in order to 
make the panel size more realistic for guided wave propagation. In order to accommodate 
the larger plate, two rectangular frames were designed and manufactured. They were 
clamped to the ASTM D7136 fixture to conduct impact tests on the same drop-weight 
impact tower. The controlled impact event is recorded by a piezoelectric load cell, which 
can accurately record data of the applied impact force, energy absorbed by the specimen 















Table 9.3: Impact testing conducted on a 2-mm quasi-isotropic CFRP coupon.  
Mass (kg) Drop height (cm) Velocity (m/s) Energy (J) % of absorbed Energy  
3.06 55.61 3.3 16.69 65 
 
The details of the impact test are given in Table 9.3. This table indicates that the 
coupon was impacted using a 3.06-kg impactor with the potential energy of 16.69 J. This 
energy was chosen from engineering judgment to try to obtain a 1-inch impact damage size 
in the 2-mm thick quasi-isotropic composite coupon. 
 
Figure 9.32: Force-time history and absorbed energy of the 2-mm [-45/90/45/0]2S quasi-
isotropic composite coupon: (a) force history; (b) absorbed energy. 
The force-time history and absorbed energy of the impact event are given in Figure 
9.32. The load curve shows peaks at a certain maximum load and is parabolic in shape. 
When there are irregularities in the parabolic shape of the load curve, this indicates that the 
specimen has undergone extensive internal damage. The maximum-recorded contact force 
of this impact event was 3.57 kN. The energy-time plot given in Figure 9.32 is taken from 
the force-time curve through the integration of the data. The energy-time plot had better 
describe the peak energy experienced and energy absorbed by the specimen. Here, the 
(a) (b) 
Max. force: 3.57 kN 
9.57 J (65%) 
Max. energy: 14.63 J 
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energy absorbed is the difference between the value at the end of the plot and the initial 
value. The difference between the peak energy observed and the energy absorbed can be 
used to determine the efficiency of energy absorption by the material. Furthermore, the 
energy-time history can demonstrate the percentage of impact energy that is absorbed by 
the specimen to create the irreversible process of damage. It can be found that over 65% of 
the impact energy is absorbed by the specimen where 1-inch impact damage is formed. 
 
Figure 9.33: Ultrasonic NDT inspection results of the impact damage in the 2-mm quasi-
isotropic composite coupon: (a) B-scan image; (b) C-Scan image. 
After the impact testing, the ultrasonic NDT inspection was conducted using a 10 
MHz, 1-inch focused transducer. The NDT inspection results are shown in Figure 9.33. 
Multiple impact-induced delaminations across the thickness were observed from B-scan 
results. It can be found that the size of the impact damage obtained is around 1 inch from 
the C-scan result. 
9.5.2 PURE MODE GENERATION USING ABT-ABT 
The tuning angle of the 2 mm quasi-isotropic CFRP composite plate was calculated 
for the pure-mode guided wave generation. The material properties were measured 
experimentally using the ultrasonic immersion technique, given in Table 9.1. 




Dispersion curves of the 2-mm quasi-isotropic CFRP composite plate were 
obtained using the SAFE method. For the SAFE approach, 32 one-dimensional (1D) 
quadratic elements across the thickness direction were used to ensure the convergence of 
the solution. Phase-velocity dispersion curves of the 2-mm quasi-isotropic CFRP 
composite plate in the 0º direction are shown in Figure 9.34 (a).  
 
Figure 9.34: Dispersion curves of the 2-mm [-45/90/45/0]2s quasi-isotropic composite 
plate: (a) phase velocity; (b) ABT tuning angle; (c) group velocity. 
In this study, the wedge velocity of the adjustable wedge is 2720 m/s and the ABT 
















as shown in Figure 9.34 (b). It can be found that the wave modes cannot be excited when 
the phase velocities are below cw. At 500 kHz, S0 mode and SH0 mode can be excited and 
the ABT tuning angles are around 26º and 49º, respectively. Therefore, the incident angles 
should be set to 26º and 49º to excite pure S0 mode and SH0 mode in the 2-mm quasi-
isotropic CFRP composite plate. In addition, the group-velocity dispersion curves are given 
in Figure 9.34 (c), and the group velocities of S0 mode and SH0 mode at 500 kHz are 5.49 
mm/μs and 3.39 mm/μs, respectively. These group velocities will be used to validate the 
generated guided waves in the composite plate. 
 
Figure 9.35: Experimental group-velocity measurement of S0 mode excitation: (a) 
waveforms at various locations; (b) correlation between distance and time of flight for the 
group velocity calculation. 
First, the adjustable ABT pair was used to generate pure S0 mode in the 2-mm 
quasi-isotropic CFRP composite plate. For the excitation of pure S0 mode at 500 kHz, the 
incident angle of the wedge was set to 26º based on Snell’s law. The excitation signal 









S0 mode, 500 kHz 
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frequency of 500 kHz. The response signals from the receiver ABT were collected by a 
digital oscilloscope, which used 100 averages to improve the signal-to-noise ratio.  
To validate the excited guided wave, the response signals at five different locations 
were measured by moving the receiver ABT with a constant interval of 10 mm. The 
waveforms at various locations are shown in Figure 9.35 (a). It can be found that strong 
and nondispersive wave packets were obtained. The time of flight (TOF) of the direct wave 
packet was determined for each location and plotted as a function of distance from the 
excitation, as shown in Figure 9.35 (b). Linear regression was used to estimate the group 
velocity, yielding a value of 5.43 mm/μs, which agrees with the theoretical S0-mode group 
velocity of 5.49 mm/μs at 500 kHz, as shown in Figure 9.34 (c). Therefore, the excited 
guided wave in the 2-mm quasi-isotropic CFRP composite plate is pure S0 mode as 
expected. 
 
Figure 9.36: Experimental group-velocity measurement for SH0 mode excitation: (a) 
waveforms at various locations; (b) correlation between distance and time of flight for the 
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Second, the ABT-ABT was used to excite the pure shear horizontal (SH0) wave in 
the 2-mm quasi-isotropic CFRP composite plate. The incident angles of the wedges were 
adjusted to the theoretical tuning angle of SH0 mode. For the excitation of pure SH0 mode 
at 500 kHz, the incident angle of 49º was used based on Snell’s law. The excitation signal 
applied to the transmitter ABT was a narrow-band three-count tone burst at the central 
frequency of 500 kHz. 
To validate the generated pure-mode guided wave, the response signals at five 
different locations were measured as shown in Figure 9.36 (a). It can be found that strong 
single wave packets were received at all the locations. The TOF of the direct wave packet 
was determined for each location and plotted as a function of distance, as shown in Figure 
9.36 (b). Similarly, linear regression was used to estimate the group velocity, yielding a 
value of 3.41 mm/μs, which compared favorably with the theoretical SH0-mode group 
velocity of 3.39 mm/μs at 500 kHz. Therefore, the excited guided wave in the 2-mm quasi-
isotropic CFRP composite plate is pure SH0 mode as expected. The experimental results 
demonstrate that although the ABT excitation consists of pressure waves, the SH0 was 
successfully generated due to the anisotropy of the quasi-isotropic composite layup. 
9.5.3 DAMAGE DETECTION USING MULTIPLE PURE-MODE GUIDED WAVES 
In this section, the pure S0 and SH0 modes generated by the ABT-ABT were 
utilized to detect the simulated delamination and actual impact damage in the 2-mm quasi-
isotropic composite plate. The experimental setup of damage detection was shown in 
Figure 9.37. A 100-mm distance was ensured between the transmitter ABT and the receiver 
ABT using a rigid frame. For the inspection of pure S0 mode at 500 kHz, the incident angle 
of the wedge was set to 26º, while the incident angle of 49º was used for the excitation of 
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pure SH0 mode. In the experiment, the measurements were conducted by placing the ABT-
ABT on the pristine area, delamination, and impact damage, respectively. 
 
Figure 9.37: Experimental setup for damage detection using multiple pure-mode guided 
waves excited by ABT-ABT on a 2-mm quasi-isotropic CFRP composite plate: (a) 
delamination simulated by Teflon insert; (b) impact damage. 
 
Figure 9.38: Signal comparison among pristine, Teflon insert, and impact damage using 
pure S0 mode at 500 kHz in 2-mm quasi-isotropic composite plate: (a) time-domain 
signals; (b) frequency spectrums. 
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The pure S0 mode was used to detect the delamination simulated by Teflon insert 
and actual impact damage. Signal comparison among pristine, delamination simulated by 
Teflon insert, and actual impact damage was shown in Figure 9.38. Strong and non-
dispersive wave packets of S0 mode were observed for all the cases, as depicted in Figure 
9.38 (a). A high signal to noise ratio was obtained even in the presence of damage. It can 
be found that no obvious amplitude change was observed for the case of Teflon insert, 
whereas a significant amplitude drop was clearly noted due to the presence of impact 
damage. Similarly, the same phenomena were noted in the frequency spectrum, as shown 
in Figure 9.38 (b). Therefore, pure S0 mode is sensitive to the actual impact damage but 
not sensitive to the delamination simulated by Teflon insert. 
 
Figure 9.39: Signal comparison among pristine, Teflon insert, and impact damage using 
pure SH0 mode at 500 kHz in 2-mm quasi-isotropic composite plate: (a) time-domain 
signals; (b) frequency spectrums. 
Similarly, the pure SH0 mode generated by the adjustable ABT pair was used to 
detect the delamination simulated by Teflon insert and actual impact damage. Figure 9.39 
shows the signal comparison among pristine, delamination simulated by Teflon insert, and 
Pristine 
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impact damage using pure SH0 mode. Strong wave packets of pure SH0 mode were 
observed for all three cases. It can be found that large amplitude drops were clearly 
observed for both Teflon insert and impact damage. Similarly, the amplitude drops were 
noted in the frequency spectrums. Therefore, the SH0 mode is sensitive to both 
delamination simulated by Teflon insert and actual impact damage. However, SH0 mode 
cannot separate the delamination and impact damage since the same amplitude drop was 
observed for both cases. 
To distinguish the damage types, pure S0 mode and SH0 mode have to be used 
together. Because the pure S0 and SH0 modes are both sensitive to actual impact damage, 
whereas only pure SH0 mode is sensitive to the delamination simulated by Teflon insert. 
This is related to the motion characteristics of the respective mode shapes and 
corresponding wavelengths. Thus, the use of pure S0 and SH0 modes allowed damage 




CHAPTER 10  
SUMMARY, CONCLUSIONS, MAJOR CONTRIBUTIONS, AND FURTHER WORK 
This dissertation has presented structural health monitoring (SHM) and nondestructive 
evaluation (NDE) of composite structures using ultrasonic guided waves including 
theoretical modeling and experimental validation, with a focus on the development of 
efficient simulation methods to predict how guided waves interact with damage in safety-
critical composite structures. This dissertation involves theoretical developments coupled 
with carefully conducted experiments. The results are essential for developing 
computational efficient SHM simulation tools that enable the development of cost-
effective SHM systems for the monitoring of complex composite structures. 
10.1 SUMMARY 
The dissertation started with an introduction to SHM concepts, guided wave modeling 
techniques, piezoelectric wafer active sensors (PWAS) and its tuning effect, and damage 
detection methods in composites. To study guided-wave propagation in composite 
structures, a semi-analytical finite element (SAFE) approach was proposed to calculate the 
guided-wave dispersion curves such as phase velocity, group velocity, and skew angle in 
composites. A user-friendly software LAMSS-COMPOSITES was developed to retrieve 
and display the dispersion curves from the guided wave database. Convergence study, 
numerical verifications, and experimental validations were performed. To model guided 
wave excitation in composite structures, first, a computational framework was constructed 
based on the SAFE approach for the excitation of 1D straight crested guided wave. Case 
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studies were carried out and validated with experiments. Then, the framework was 
extended to 2D wave propagation problems. Kelvin-Voigt model was used to account for 
anisotropic damping effects on 2D guided wave propagation in damped composites. 
Improved tuning model with material damping was also developed to include damping 
effects. 
The dissertation continued with the numerical and experimental investigation for the 
characterization of multilayer delaminations in carbon fiber reinforced polymer (CFRP) 
composite plates using guided waves and wavenumber analysis. Two different 
delamination scenarios, one and two delaminations, in a 3-mm quasi-isotropic [-
45/90/45/0]3s CFRP composite plate were considered. A multi-physics 3D finite element 
(FE) simulation of the composite plate with two different delamination scenarios was 
conducted to study guided wave interaction with delaminations. The simulation wavefield 
was validated by the scanning laser Doppler vibrometer (SLDV) measurements. The 
wavefield data were further analyzed using wavenumber analysis to study the wave 
trapping phenomenon and to characterize the wave behaviors at the delamination regions.  
To perform the scattering analysis, a hybrid global local (HGL) approach was developed 
for the simulation of 2D guided wave interaction with damage in composites. An efficient 
and versatile HGL approach based on global SAFE and local FE model was proposed to 
predict guided wave interaction with typical damages. The wave-damage interaction 
information was extracted from a local small-size FEM with non-reflective boundaries 
(NRB). The computational framework was coded with MATLAB into the user-friendly 
software WFR 2D Composites (WFR-2D-Composites). HGL results were compared and 
validated with experiments utilizing SLDV measurements.  
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The dissertation finished with the novel angle beam methodology for guided-wave 
detection and sizing of various types of composite damage such as wrinkle, delaminations, 
and actual impact damage. First, pure S0 mode generation and damage detection were 
conducted in a 1.5-mm crossply composite plate. FE simulation and experiment were 
conducted to verify and validate the pure S0 mode excitation in the crossply composite 
plate. The pure S0 mode was utilized to detect wrinkle damage in the crossply composite 
plate. Next, both FEM simulation and the experiment confirmed that pure SH0 mode was 
successfully generated by pressure-wave angle beam transducers (ABT) in a 3-mm quasi-
isotropic composite. The damage attenuation of SH0 mode was measured experimentally 
through curve fitting. The pure SH0 mode was used to detect delaminations simulated by 
Teflon inserts and the impact damage in the quasi-isotropic composite plate. A linear 
scanning method was developed to estimate the sizes of simulated delaminations and 
impact damage. The estimated damage sizes were also compared with the data obtained by 
a conventional ultrasonic C-scan. A good match was achieved. Finally, a new inspection 
technique using multiple pure-mode guided waves was proposed for the detection and 
separation of various composite damage types. A 2-mm quasi-isotropic composite plate 
with delamination simulated by Teflon insert and actual impact damage was used in the 
experimental validation. The pure S0 mode and SH0 mode guided waves were successfully 
used to detect and separate the delamination and impact damage. 
10.2 CONCLUSIONS 
The work presented in this dissertation leads to a number of major conclusions as presented 




10.2.1 CALCULATION OF DISPERSION CURVES IN COMPOSITES 
SAFE approach can efficiently and accurately calculate guided-wave dispersion curves of 
phase and group velocities, the skew angle between them, and the modeshape across the 
thickness in composites. Convergence study has to be considered to guarantee the accuracy 
of the SAFE solution. It can be found that group velocity and phase velocity directions 
differ significantly in laminated composites. The SAFE predictions compared well with 
the pitch-catch guided wave experiment and the scanning laser Doppler vibrometer (SLDV) 
measurements. A fast and reliable software ‘LAMSS COMPOSITES’ was developed to 
retrieve and display the dispersion curves from the guided wave database. The software 
can be used to guide and assist the effective and efficient design of guided-wave based 
SHM system. 
10.2.2 1D AND 2D GUIDED WAVE MODELING IN COMPOSITES 
An accurate, efficient, and versatile model based on SAFE approach was developed for 
excitation of 1D and 2D guided waves in composites. Directionality has to be considered 
in 2D guided wave propagation in composites. The highly anisotropic behavior of guided 
waves propagating in unidirectional composites was demonstrated, showing higher group 
velocity in the fiber directions than in matrix dominated transverse directions. An elliptical 
wave propagation pattern with spatial dispersion in the unidirectional composite plate was 
successfully predicted. The SAFE predictions compared well with SLDV measurements. 
It was found that computational time savings of several orders of magnitude are obtained 




10.2.3 DAMPING EFFECT ON GUIDED WAVE PROPAGATION 
First, the improved PWAS tuning model with material damping achieved good agreements 
with experimental measurements and the damping effects were successfully captured and 
clarified. Experimental results demonstrated that damping can modify the tuning effect 
considerably, both through peak shifts and drastic diminishing of the amplitude at higher 
frequencies. It is quite apparent that damping effects impose a high-frequency limitation 
on guided wave excitability. In the 2-mm woven composite plate, excitation beyond 700 
kHz was hardly possible. 
Second, our extended SAFE approach for modeling 2D guided wave propagation in 
damped composite plates achieved very good agreements with experimental measurements. 
This is an important improvement over the conventional simulation of guided wave 
propagation in composite plates using an undamped SAFE approach. Experimental 
measurements demonstrated that the damping attenuation has a significant effect on 
amplitude attenuation of guided waves propagating in composite plates. It was found that 
the material damping in unidirectional composites is highly anisotropic, showing a higher 
damping effect in matrix dominated transverse directions than in the fiber directions. 
Moreover, the A0 mode experiences a much higher damping attenuation than the S0 mode. 
SHM techniques based on amplitude change can be understood better and implemented 
more effectively if the material damping effect is included in the model. 
10.2.4 CHARACTERIZATION OF MULTILAYER DELAMINATIONS USING GUIDED WAVES 
Multi-physics FE simulations show strong trapped waves in the delamination regions when 
the measured surface is close to the delamination. The frequency-wavenumber spectrums 
indicate that the new wavenumbers come from the trapped waves in the delamination 
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regions. The delamination depth was successfully estimated by comparing and fitting the 
new wavenumber components to theoretical predictions calculated using the sub-laminate 
thickness and layup of the delamination region. Both numerical and experimental results 
confirm that the new negative wavenumber due to the trapped waves in the delamination 
regions is potentially related to the delamination severity. 
10.2.5 MODELING OF GUIDED WAVE INTERACTION WITH DAMAGE IN COMPOSITES 
HGL approach based on global SAFE and local FEM was developed to obtain the 
predictive simulation of 2D guided wave interaction with damage in composites. The 
predictive tool WFR-2D-Composites is a general description of wave generation, 
propagation, damage interaction, and detection, which can be used to conduct fast 
predictive simulation and parametric studies. The WDIC was calculated from the efficient 
local small-size FEM analysis with non-reflective boundary (NRB) and matched well with 
the WDIC results of the analytical model and experimental measurement. The complex-
valued WDIC successfully inserted damage effects into the HGL approach and can 
describe complicated interaction phenomena, such as wave transmission, reflection, and 
mode conversion. The HGL results compared well with the SLDV experiments. It was 
found that HGL approach achieved remarkable performance in terms of computational 
accuracy, efficiency, and versatility. HGL has the following advantages over other SHM 
simulation tools: 
1. HGL uses the efficient SAFE approach to simulate guided wave excitation and 
propagation in the global domain, which means that it is suitable for both 
isotropic and composite structures. 
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2. HGL does not require meshing of the entire structure, thus it minimizes the 
computation burden. The SAFE model is constructed in the frequency domain 
and does not require a time marching procedure, thus it saves considerable 
computation time, compared with conventional numerical methods such as 
finite element method (FEM), spectral element method (SEM), or finite 
difference method (LISA). 
3. The harmonic analysis of small-size FEM with NRB is faster and more target-
oriented compared with conventional transient analysis. The use of NRB 
minimizes the model size. In addition, the harmonic analysis does not require 
the results of the previous calculation step to solve the current step, as is the 
case in conventional transient analysis. 
4. HGL can be used for parameter studies of various engineering scenarios 
because it is fast and efficient. It enables researchers to define transducer size, 
structure material, and sensor-damage locations by interacting with the 
graphical user interface of WFR-2D-Composites.  
10.2.6 ANGLE BEAM NDE METHODOLOGY FOR GUIDED-WAVE DETECTION 
The single-mode guided wave excited by adjustable angle beam transducers (ABT) was 
used to detect various composite damage types such as delamination and impact damage. 
It has demonstrated the possibility of selectable single-mode excitation of S0 and SH0 
guided waves in composite structures using adjustable ABT. This is the first time when 
pressure-wave ABT was used to excite pure SH0 waves in quasi-isotropic composites, a 
fact which is not possible in isotropic metals. In composites with certain layups, such as 
quasi-isotropic composites, coupling exists between pressure and shear waves. The 
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experimental results show that such coupling can be exploited to generate pure SH0 waves 
using pressure transducers impinging at the appropriate oblique angle.  
The use of pure SH0 waves has certain advantages for damage detection in the quasi-
isotropic composite plate. Both numerical and experimental results confirm that the SH0-
mode amplitude drop due to the trapped waves in the delamination regions is potentially 
related to the delamination severity. The pure-mode guided wave can be used to detect 
various types of composite manufacturing flaws and operational damage including 
simulated wrinkles, simulated delamination, and actual impact damage. The present 
method of simply measuring the change in the amplitude and frequency spectrum can 
detect various composite damage types, which is simple, reliable, and suitable for the quick 
and large-area inspection. This method has great potential for a quick inspection of various 
damage types in composite structures. In this method, no baseline measurement was 
required, which is important in practical use. This method is much more efficient than the 
point-by-point through-thickness scan used in conventional C-scan technique because 
guided waves can propagate a long distance with less energy loss. Considerable time saving 
can be achieved while maintaining the ability to evaluate the various composite damage 
types. 
10.3 MAJOR CONTRIBUTIONS 
The research presented in this dissertation has made major contributions to SHM and NDE 
both theoretical and experimental. New and efficient simulation methods have been 
theoretically developed and experimentally validated for the prediction of how guided 
waves interact with damage in safety-critical composite structures. These methods are 
essential in the development of computational efficient simulation tools for the design of 
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effective SHM systems. These research results will enable the development of a 
methodology and associated instrumentation for the in-situ on-demand evaluation of 
damage evolution in a critical composite component during the SHM and NDE process. 
The major contributions of this dissertation are listed below: 
1. A fast and efficient SAFE approach has been developed for predicting with 
validated accuracy the dispersion curves of phase and group velocities as well 
as the associated skew angle in laminated composites. 
2. An accurate, efficient, and versatile model based on the SAFE approach has 
been developed for the excitation of 1D and 2D guided waves in composites.  
3. An improved tuning model was developed, for the first time, to clarify how 
material damping affects the tuning between surface-mounted PWAS and 
guided waves in composite structures. We have found that an intrinsic upper 
limit exists on the frequency of guided wave excitability in composites. 
4. Inclusion of damping effects and 2D propagation in the composite guided-wave 
analysis. The conventional SAFE approach has been extended to model 2D 
guided wave propagation in damped composites using Kelvin-Voigt damping 
model with the complex stiffness matrix. We have found that the damping is 
very important, although it is often ignored in guided-wave analysis because of 
modeling complexities. 
5. The extension of the wave damage interaction coefficients (WDIC) concept 
from isotropic metallic structures into anisotropic composite structures. WDIC 
approach is fast and efficient for predicting the damage scatter polar plots. In 
this research, WDIC polar plots have been developed for multiple 
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delaminations in a thick composite structure in which numerous guided wave 
modes are simultaneously residing.  
6. The development of a novel wavenumber analysis approach for the 
characterization of multilayer delaminations in composites. The delamination 
depth was successfully estimated by comparing and fitting the new 
wavenumber components to theoretical predictions calculated using the sub-
laminate thickness and layup of the delamination region. We have found that 
new negative wavenumber due to the trapped waves in the delamination regions 
is potentially related to the delamination severity. 
7. The development of an HGL approach for coupling the SAFE guided-wave 
modeling with an efficient small-size local FEM for the simulation of 2D 
guided wave interaction with damage in composites and the prediction of 
signals to be received at the SHM sensors in composite structures with hidden 
internal damage. 
8. The development of a novel angle beam NDE methodology for guided-wave 
detection and sizing of impact damage and delaminations in composites. This 
is the first time when pressure-wave angle-beam transducers (ABT) have been 
successfully used to excite pure SH0 waves in quasi-isotropic composites, a fact 
which is not possible in isotropic metals. This method has great potential for a 
quick and large-area inspection of various damage types in composite structures. 
9. The development of a novel approach using multi-mode guided waves for 
damage detection and identification in composites. We have found that S0 
mode is only sensitive to the impact damage, while SH0 mode is sensitive to 
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both delamination and impact damage. The use of pure S0 and SH0 modes 
allows damage separation that is not possible otherwise.  
10. The development of several software packages that can benefit the SHM 
community. The software packages that have been developed and posted on the 
LAMSS website are: (1) LAMSS-COMPOSITES; (2) WFR 2D Composites. 
These graphical user interfaces (GUI) provide a versatile user-friendly method 
to assist the effective and efficient design of guided-wave SHM system for 
composites. 
10.4 RECOMMENDATION FOR FURTHER WORK 
This dissertation has presented various modeling techniques for the simulation of guided 
wave excitation, propagation, and interaction with damage in composites and suggested 
practical implementations for damage detection. This work has laid the foundation for 
further investigations to extend the methodologies to more complicated safety-critical 
composite structures. The suggestions for further work are listed below: 
1. The effect of environmental and operational conditions on guided-wave 
dispersion curve in composites should be investigated. 
2. Full-scale multi-physics FEM simulation should be extended to investigate the 
guided wave interaction with actual impact damage.  
3. HGL validations for other types of damage in composites should be performed. 
4. HGL approach should be explored to solve wave propagation in structures with 
more complicated geometries. 
5. Nonlinearity methods for the detection and quantification of impact damage and 
delamination in composites should be explored. 
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6. Imaging methods should be developed for damage visualization and 
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DERIVATION OF THE NORMAL MODE EXPANSION COEFFICIENT 
Recall the nonhomogeneous governing equation in FEM form, i.e., 
   A B Q P   (A.1) 
For P 0 , Eq. (A.1) yields an eigenvalue problem, i.e., 
 AQ BQ   (A.2) 
Eq. (A.2) accepts 2M  left eigenvectors 
L
mV  (1 2M  vector) and 2M  right eigenvectors 
R
mV  ( 2 1M   vector). 
 R R L L,        ,  1, 2, , 2m m m m m m m M   AV BV V A V B           (A.3) 
where m  is eigenvalues of Eq. (A.2). 
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 A B V P   (A.5) 
Pre-multiplying 
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  V A B V V P   (A.7) 
Recall the right eigenvectors 
R
mV  ( 2 1M   vector), i.e., 
 R R
m m mAV BV   (A.8) 
Pre-multiply Eq. (A.8) by 
L
kV  on both sides to get 
 L R L R   k m m k mV AV V BV   (A.9) 
































  (A.11) 
 L R L R  m m m m mV AV = V BV   (A.12) 
Substitution of Eqs. (A.10), (A.11), and (A.12) into left hand side of Eq. (A.7) yields 
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  (A.13) 
Substitution of Eq. (A.13) into Eq. (A.7) gives 
   L R L=m m m m mQ   V BV V P   (A.14) 
where the right hand side index was changed from k into m for convenience. 















STATIONARY PHASE METHOD 
Considering the behavior (for 1r ) of 
      
b irg t
a
I r f t e dt    (B.1) 
where f and g are smooth enough to admit Taylor approximations near some appropriate 
point in  ,a b , and g is real-valued. 
Suppose that   0g c   at some point  ,c a b , and that   0g t   everywhere else in the 
closed interval. Assume that   0g c   and   0f c  . 
We rewrite  I r  as 
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  (B.2) 
By Euler’s formula, 
   ir g t g c
e
    is highly oscillatory for t c  and 1r . The oscillation 
gives rise to cancellation, which in turn causes the integral to decay rapidly except in a 
small neighborhood 0   of c. Thus, Eq. (B.2) can be written as 
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In the small interval, we apply the Taylor approximation for  g t  as 
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      
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t c
g t g c g c








   (B.4) 
Substitution of Eq. (B.4) into Eq. (B.3) yields 
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    (B.5) 
We change the variable using    
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  (B.6) 
Since the integral interval for t is  ,c c   , the corresponding integral interval for s 
can be obtained from Eq. (B.6) as     2,  2rg c rg c   . The interval for variable 
s will turn to be       2,  2 ,  rg c rg c       for 1r .  
Substitution of Eq. (B.6) into Eq. (B.5) yields 
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  (B.7) 
Gaussian integral is used to calculate the integral 
2ise ds

  in Eq. (B.7). Recall the 
Gaussian integral, the integral of the Gaussian function 






   (B.8) 
Proof of Eq. (B.8): a standard way to compute the Gaussian integral is the idea of which 
goes back to Poisson, i.e., 
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x yx x ye dx e dx e dy e dxdy
        
    
        (B.9) 
According to the transformation of Cartesian coordinate to polar coordinate 
 cos ;    sinx r y r     (B.10) 
Substitution of Eq. (B.10) into Eq. (B.9) yields 
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   (B.14) 
We can change variable by setting 2 2x is   to calculate 
2ise ds

  in Eq. (B.7) 
 
2 2 2 2 2 2 4 4,    ,    ,    i i ix is x is e s x e s dx e ds             (B.15) 
Substitution of Eq. (B.15) into Eq. (B.14) yields 
 




      (B.16) 
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Recall Eq. (B.14) and Eq. (B.16), the integral of 
2ise ds

  can be calculated as 
 




    (B.17) 
For 1r , substituting Eq. (B.17) into Eq. (B.7) and the  I r  becomes  
      
 
4 2 ,    as 1




  (B.18) 
Since the main contribution to the integral comes from a region of a point c at which the 
phase  g t  is stationary, it is called the stationary phase method. 
Recall the integral of displacement  , ,r  u , i.e., 
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   (B.19) 
To calculate the integral using stationary phase method, compare Eq. (B.19) with Eq. (B.1) 
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      cosmg         (B.21) 
Substitution of Eq. (B.20) and Eq. (B.21) into Eq. (B.1) yields 
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   (B.22) 
Now we can use Eq. (B.18) to approximate  I r  as 1r  in the interval (0, 2π), the phase 
      cosmg        is stationary only at an interior point  0,2m   
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=   (B.25) 
The second derivative of  g   is calculated as 
             - cos - 2 sinm m m m m m m mg                =   (B.26) 
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      cosm m m mg         (B.28) 
Recall Eq. (B.18), i.e.,  
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  (B.30) 
Substitution of Eq. (B.30) in Eq. (B.19) yields the displacement  , ,r  u  calculated at 
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For brevity, we use the notation    m mb g   in the main body of the dissertation
 
